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of beginners in Geometry, it depends mainly upon the form in / 
which the subject is presented whether they pursue the study 
with indifference, not to say aversion, or with increasing intere^^' ' 
and pleasure. * . 

In compiling the present tlreatise, this faot has been iept con- 
stantly in vi^w. -'-All unnecessary discussions and scholia have / 
been avoided ; .^nd sufch methods have been adopted as expeii- 
...ence and attentive observation, combined with repeated triste, 
Have shown to be most ^readily comprehended. No attempt has 
been made -to render more intelligible the simple notions of 
-position, magnitiide, ^nd direction, which every child derives 
from observation 7" but it is believed that these notions have 
'been limited and defined with mathematical precision. 

A few symbols, which stand for Words and not for operations, 
have been used, but these are of so great utility in giving style 
and perspicuity to the demonstrations that no apology seems 
necessary for their introduction. 

Great pains have been taken to make the page attractive. 

The figures are. large and distinct, and are placed in the middle 

V of the page, so that they fall directly under the eye in imme- 

' diate connection with the correspcwiding text. The given lines 
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of the fi gures ^ re full lines, the lines employed as aids in the 
dOTgjSinitloni tiTess^rt-dotted, and the resulting lines are long- 
C5?ted. 

In each proposition a ^ncise statement of what is given is 
printed mjcuie-kiQd of type, Npf what is required in another, and 
the demonstratioiiin still another. The reason for each step 
is indicated in small type between that step and the one follow- 
ing/thus pr^^pting the necessity of interrupting the process of 
the! argument by re^rring to k previous section. The number 
of phe sectio»i^ewevej^on wjiich th.e reason depends is placed 
at tn^side of -J^^^^i^m^ Tn^constmien t ^ rts of the propo- 
sitions aJ?ecarefully marked. Moreover, each distinct assertion in 

'. demonstrations, and each particidar direction in the construc- 
' the figures, begins a new line ; and in no case is it neces- 
sary to twrn tlie page in reading a demonstration. 

This arrangement presents obvious advantages. The pupil 
perceives at once what is given and what is required, readily 
refers to the figure at every step, becomes perfectly familiar with 
the language of Greometry, acquires facility in simple and accu- 
rate expression, rapidly learns to reason, and lays a foundation 
Vor the complete establishing of the science. 

A few propositions have been given that might properly be 
considered as corollaries. The reason for this is the great diffi- 
culty of convincing the average student that any importance 
should be attached to a corollary. Original exercises, however, 
have been given, not too numerous or too difficult to discourage 
the beginner, but well adapted to afford an effectual test of the 
degree in which he is m/istering the subjects of his reading. 
Some of these exercises have been placed in the early part of 
th^ work in order that the student may discover, at the outset, 
that to commit to memory a number of theorems and to repro- 
duce them in an examination is a' useless and pernicious labor ; 
but to learn their uses and applications, and to acquire a readi- 
ness in exemplifying their utility, is to derive the full benefi.t 
of that mathematical training which looks not so much to the 
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attainment of information as to the discipline of the mental fac- 
tdties. 

It only remains to express my sense of obligation to Dr. 
D. F. Wells for valuable assistance, and to the University 
Press for the elegance with which the book has been printed ; 
and also to give assurance that any suggestions relating to the 
work will be thankfully received. 

G. A. WENTWOETH. 

Phillips Exeter Academ;^ 

January, 1878. ^^^ iy^./—^y 



NOTE TO THIRD EDITION. 

In this edition I have endeavored to present a more rigor- 
ous, but not less simple, treatment of Parallels, Eatio, and 
Limits. The changes are not sufficient to prevent the simulta- 
neous use of the old and new editions in the class ; still they are 
very important, and have been made after the most careful and 
prolonged consideration. 

I have to express my thanks for valuable suggestions received 
from many correspondents; and a special acknowledgment is due 
from me to Professor C. H. Judson, of Furman University, 
Greenville, South Carolina, to whom I am indebted for assist- 
ance in effecting many improvements in this edition. 

TO THS TEACHER. 

When the pupil is reading each Book for the first time, it will be 
well to let bim write his proofs on the blackboard in his own lan- 
guage ; care being taken that his language be the simplest possible, 
that the arrangement of work be vertical (without side work), and 
that the figures be accurately constructed. 

This method will furnish a valuable exercise as a language lesson, 
wiU cultivate the habit of neat and oKlerly arrangement of work, 
and will allow a brief interval for deliberating on each step. 

After a Book has been read in this way the pupil should review 
the Book, and should be required to draw the figures free-hand. He 
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should state and prove the propositions orally, using a pointer to 
indicate on the figure every line and angle named. He should be 
encouraged, in reviewing each Book, to do the original exercises ; to 
state the converse of propositions ; to determine from the statement, 
if possible, whether the converse be true or false, and if the converse 
be true to demonstrate it ;k wijd .also to give well-considered answers 
to questions which may be aBkeo'him on many propositions. 

The Teacher is strongly advised to illustrate, geometrically and 
^ arithmetically, the principles of limits. Thus a rectangle with a 

constant base 6, and a variable altitude ac, wiU afford an obvious 
illustration of the axiomatic truth contained in [4], page 88. If x 
increase and approach the altitude a as a limit, the area of the rec- 
tangle increases and apAoacheathe area of the rectangle a & as a 
limit ; if, however, x diA^ise anS approach zero as a limit, the area 
of the rectangle decreases and approaches zero for a limit An arith- 
metical illustration of this truth would be given by multiplying a 
constant into the approximate values of any repetend. If, for exam- 
ple, we take the constant 60 and the repetend .3333, etc., the approxi- 
mate values of the repetend will be ^^, ^^, ^^^, t Wo^o> ^^j ^^^ 
these values multiplied by 6() give the series 18, 19.8, 19.98, 19.998, 
etc., which evidently approach 20 as a limit ; but the product of 60 
into \ (the limit of the repetend .333, etc.) is also 20. 

Again, if we multiply 60 into the different values of the decreasing 
series, ^, y^, ^^jW' YTmnr» ^*c> which approaches zero as a limit, 
we shall get the decreasing series, 2, ^, ^, yj^, etc. ; and this series 
evidently approaches zero as a limit. 

In this way the pupil may easily be led to a complete comprehen- 
sion of the whole subject of limits. 

The Teacher is likewise advised to give frequent written examina- 
tions. These should not be too difficult, and sufficient time should 
be allowed for accurately constructing the figures, for choosing the 
best language, and for determining the best arrangement 

The time necessary for the reading of examination-books will be 
diminished by more than one-half, if the use of the symbols employed 
in this book be permitted. 

G.A.W. 

Phillips Exeteii Academy, 
January, 1879. 
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BOOK I. 

RECTILINEAR FIGURES. 



Introductory Remarks. 

A ROUGH block of marble, under the stone-cutter's hammer, 
may be made to assume regularity of form, "" 

If a block be cut in the shape repre- ^ ^^Xu.' 

sented in this diagram. 

It will have six flat faces. 

Each face of the block is called a Sur- 
face, 

If thase surfaces be made smooth by pol- 
ishing, so that, when a straight-edge is applied to any one of 
them, the straight-edge in every part will touch the surface, the 
surfaces are called Plane Surfaces, 

The sharp edge in which any two of these surfaces meet is 
called a Line. 

The place at which any three of these lines meet is called a 
Point. 

If now the block be removed, we may think of the place 
occupied by the block as being of precisely the same shape and 
size as the block itself; also, as having surfaces or boundaries 
which separate it from surrounding space. We may likewise 
think of these surfaces as having lines for their boundaries or 
limits ; and of these lines as having points for their extremities 
or limits. 

A Solid, as the term is used in Geometry, is a limited por- 
tion of space. 

After we acquire a clear notion of surfaces as boundaries of 
solids, we can easily conceive of surfaces apart from solids, and 
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suppose them of tmlimited extent. Likewise we can conceive of 
lines apart &om surfaces, and suppose them of unlimited length ; 
of points apart from lines as having position, but no extent. 



Definitions. 



1. Def. Space os Extension ^hok three Dimennons, called 
Length, Breadth, and Thickness, 

2. Def. A Point has position without extension. 

3. Def. A Line has only one of the dimensions of exten- 
sion, namely, length. 

The lines which we draw are only imperfect representations 
of the true lines of Geometry. 

A line may be conceived as traced or generated by a point in 
motion. 

4. Def. A Sv/rface has only two of the dime^nsions of ex- 
tension, length and breadth, 

A surface may be conceived as generated by a line in motion. 

5. Def. A Solid has the three dimensions of extension, 
length, breadth, and thickness. Hence a solid extends in all direc- 
tions. 

A solid may be conceived as generated by a surface in motion. 

Thus, in the diagram, let the upright 
surface A BCD move to the right to- 
the position E F H K, The points 
A, B, C, and D will generate the lines 
AE,BF,CK, and D H respectively. C K 

And the lines AB, BD, DC, and A C will generate the sur- 
faces A F, BH, DK, and AK respectively. And the surface 
ABC D will generate the solid A H, 

The relative situation of the two points A and H involves 
three^ and only three, independent elements. To pass from A to ff 
it is necessary to move East (if we suppose the direction A E ix) 
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be due East) a distance equal to A^, Korth a distance equal to 
EF, and down a distance equal to Fff, 

These three dimensions we designate for convenience length, 
breadth, and thickness. 

6. The limits (extremities) of lines are points. 
The limits (boundaries) of surfaces are lines. 
The limits (boundaries) of solids are surfaces. 

7. Dep. Extension is also called Magnitude^ ^^^'- ^** 

7. When reference is had to extenty lines, surfaces, and solids are 
called magnitudes. 

8. Def. a Straight line is a line which has 
the same direction throughout its whole extent. 

9. Def. A Curved line is a line which changes 
its direction at every point. 

10. Dep. a Broken line is a series of con- 
nected straight lines. ^\-^' '■'' ^^ ' ' ^-^^ ^/ - ^/.- - 

When the word line is used a straight line is meant; and 
when the word curve is used a curved line is meant. 

11. Def. a Plane Surface, or a Plane, is a surface in which, 
if any two points be taken, the straight line joining these points 
will lie wholly in the surface. 

12. Dep. A Curved Surfa^ is a surface no part of which 
is plane. 

13. Figure or form depends upon the relative position of 
points. Thus, the figure or form of a line (straight or curved) 
depends upon the relative position of points in that line ; the 
figure or form of a surface depends upon the relative position of 
points in that surface. 

When reference is had to form or shape, lines, surfaces, and 
solids are called figures. 
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14. Dbp. a Plane Figure is a figure, all points of which 
are in the same plane. 

15. Def. Geometry is the science which treats of position^ 
magnitttde, and form. 

Points, lines, surfaces, and solids, with their relations, are 
the geometrical conceptions, and constitute the subject-matter of 
Geometry. 

16. Plane Geometry treats of plane figures. 

Plane figures are either rectilinear, curvilinear, or mixtilinear. 

Plane figures formed by straight lines are called rectilinear 
figures ; those formed by curved lines are called curvilinear fig- 
ures ; and those formed by straight and curved lines are called 
mixtilinear figures. 

17. Def. Figures which have the same form ar6 called 
Similar Figures, Figures which have the same extent are called 
Equivalent Figures, Figures which have the same form and 
extent are called Equal Figures. 

'- o O "OD^OO 

On Straight Lines. 

18. If the direction of a straight line and a point in the 
line be known, the position of the line is known ; that is, a 
straight line is determined in position if its direction and one of 
its points be known. 

Hence, all straigJU lines which pass through the same point in 
the same direction coincide. 

Between two points one, and but one, straight line can be 
drawn ; that is, a straight line is determined in position if tvx> of 
its points he known. 

Of aU lines between two points, the shortest is the straight 
line ; and the straight line is called the distant between the 
two points. 
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The point from' which a line is drawn is called its (yrigin. 

19. If a line, as C B, ^ ^' ^ , be produce<i through C, 
the portions CB and CA may be regarded as different lines 
having opposite directions from the point C\ 

Hence, every straight line, as ^i ^, ^ f , has two opposite 

directions, namely from A toward B, which is expressed by say- 
ing line A B, and from B toward A, which is expressed by 
saying line BA, 

20. If a straight line change its magnitude, it must become 
longer or shorter. Thus by prolonging A B to C, ^ f ^ ^ 
AC = AB + BO; and conYevselj, B C = A C — A B. 

If a line increase so that it is prolonged by its own magnitude 
several times in succession, the line is multiplied, and the result- 
ing line is called a multiple of the given line. Thus, if -4 ^ = 

BC=GD, etc., ±^ % 5_?, then ^6'= 2^1^, AD = 

3 A B, etc, ^^}^ i^o^i^ 

It must also be possible to <nVrcle a given straight line into an 
assigned number of equal parts. For, assumed that the wth 
part of a given line were not attainable, then the double, triple, 
quadruple, of the nth. part would not be attainable. Among 
these multiples, however, we should reach the wth multiple of 
this 7ith part, that is, the line itself. Hence, the line itself would 
not be attainable ; which contradicts the hypothesis that we have 
the given line before us. 

Therefore, it is altoays possible to add, subtt'act, multiply, and 
divide lines of given length, 

21. Since every straight line has the property of direction, 
it must be true that two straight lines have either the same 
direction or different directiotis. 

Two straight lines which have the same direction, unthout coin- 
ciding, can never meet ; for if they could meet, then we should 
have two straight lines passing through the same point in the 
same direction. Such lines, however, coincide. § 18 
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22. Two straight lines which lie in the same plane and have 
different directions must meet if suffidenUy prolonged ; and must 
have onCy and hut one^ point in common. 

Conversely : Two straight lines lying in the same plane tvhich 
do not meet have the same direction; for if they had different 
directions they would meet, which is contrary to the hyjwthesis 
that they do not meet. 

Two straight lines which meet have different directions; for 
if they had the same direction they would never meet (§ 21), 
which is contrary to the hypothesis that they do meet. 




On Plane Angles. 

23. Def. An Angle is the difference in direction of two 
lines. The point in which the lines (prolonged if . necessary) 
meet is called the Vertex, and the lines are called the /Sides of 
the angle. 

An angle is designated by placing a letter at its vertex, and 
one at each of its sides. In reading, we name the thi-ee let- 
ters, putting the letter at the vertex between the other two. When 
the point is the vertex of but one angle we usually name the 
letter at the vertex only; thus, in Fig. 1, we read the angle by 




H 

Kg. 1. Fig. 2. 

calling it angle A, But in Fig. 2, H is the common vertex of 
two angles, so that if we were to say the angle ff, it would not 
be known whether we meant the angle marked 3 or that 
marked 4. "We avoid all ambiguity by reading the former as 
the angle EffD, and the latter as the angle E H F, 
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The magnitude of an angle depends wholly upon the extent 
of opening of its sides, and not upon their 
length. Thus if the sides of the angle BACy 
namely, A B and -4 C7, be prolonged, their 
extent of opening will not be altered, and the 
size of the angle, consequently, will not be 
changed. 

24. Def. Adjacent Angles are angles 
having a common vertex and a common 
side between them. Thus the angles 
C DE and C D F B,re adjacent angles. ^ 

25. Def. A Bight Angle is an angle included between two 
straight lines which meet each other so that the two adjacent 
angles formed by producing one of the lines 
through the vertex are equal Thus if the 
straight line A B meet the straight line C B 
so that the adjacent angles ABC and ABB 
are equal to one another, each of these an- 
gles is called a right angle. 

26. Def. Perpendicular Lines are lines 
which make a right angle with each other. 

27. Def. An Acnte Angle is an angle 
less than a right angle ; as the angle BAC. 

28. Def. An Obtuse Angle is an angle 
greater than a right angle ; as the angle 
DEF. 

29. Def. Acute and obtuse angles, in 
distinction frol^ right angles, are called ob- 
lique angles ; and intersecting lines which are not perpendicular 
to each othex are called oblique lines, ^ 

30. Dev. The Complement of an angle is 
the difference between a right angle and the 
given oEgle. Thus AB D \a the complement 
of the angle BBC\ also D BC is the com- 
plement of the angle ABB, 
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31. Dep. The Supplement of an angle 
is the difference between two right angles 
and the given angle. Thus A CD is the 
supplement of the angle 1)C B; also D C B 
is the supplement of the angle AG D. 

32. Def. Vertical Angles are angles 
which have the same vertex, and their 
sides extending in opposite directions. 
Thus the angles AOD and COB are 
vertical angle-s, as also the angles AOC 
SindnOB. 



On Angular Magnitude. 



D 




^ 




33. Let the lines B B' and A A' be in 
the same plane, and let BB' be perpen- 
dicular to -4 -^' at the point 0. 

Suppose the straight line C to move 
in this plane from coincidence with Ay 
about the point as a pivot, to the po- 
sition G ; then the line C describes or 
ge}ierates the angle AOC 

The ainount of rotation of the line, from the position OAio 
the position C, is the Angular Magnitude AOC. 

If the rotating line move from the position A io the po- 
sition By perpendicular to A, it generates a right angle ; to 
the position A' it generates two right angles ; to the position 
OB', as indicated by the dotted line, it generates three right 
angles; and if it continue its rotation to the position Ay 
whence it st-arted, it generates four right angles. 

Hence the whole an g^^^^^ -"^^^gnitiiirlfi about a point in a plane 
is equal to four right angles, and the angular magnitude about 
a point on one side of a straight line drawn through that point 
yis equal to two right angles. 
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34. Kow since the augular magnitude about the point is 
neither increased nor diminished by the number of lines which 
radiate from that point, the suvi of all the angles about a point ^^ 
in a plane, as AOB + BOC+COD, etc., in Fig. 1, is equalj 
to four right angles ; and the sum of all the angles about a point} 
on one side of a straight Ihie drawn through thai point, as T 
AOB-VBOC^-COB, etc., Fig. 2, is equal to two Hg^) 
angles. 

Hence two adjacent angles, OCA and C B, s 

formed by two straight lines, of which one is j ^ 

produced from the point of meeting in both di- ' 

rections, are supplements of each other, and may J 
be called supplementary adjacerU angles. 

On the Method op Superposition. 

35. The test of the equality of two geometrical magnitudes 
is that they coincide point for point. 

Thus, two straight lines are equal, if they can be so placed 
that the points at their extremities coincide. Two angles are 
equal, if they can be so placed that their vertices coincide in 
position and their sidas in direction. 

In applying this test of equality, we assume tliat a line may 
be moved from one place to another without altering its length ; 
that an angle may be taken up, turned oVer, and put down, 
without altering the difference in direction of its sides. 
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This method enables us to com- 
pare unequal magnitudes of the 
same kind. Suppose we have two 
angles, A B C and A' B' C\ Let 
the side B C he placed on the side 
B" C, so that the vertex B shall fall on B*, then if the side BA 
fall on B' A'y the angle ABC equals the angle J' B C ; if the 
side B A fall between B' C and B' A' in the direction B' Z>, the 
angle ABCys. less than A' B' C ; but if the side B A fall in the 
direction Bf E, the angle ABC is' greater than A^ B' C, 

This method of superposition en- ^ q 

ables us* to add magnitudes of the 

same kind. Thus, if we have two c '• — Z) 

straight lines AB and CD, by ^ ^^ 

placing the point C on B, and keeping C i> in the same direc- 
tion with A B, we shall have one continuous straight line A D 
equal to the sum of the lines A B 
and C D, 

Again : if we have the angles 
ABC and D E F, by placing 
the vertex B on E and the side 
BC in the direction of ED, the 
angle ABC will take the position 
A ED, and the angles DEF and 
ABC will together equal the an- 
gle .4 ^i^. 




Mathematical Terms. 



H 



36. Dep. a Demonstration is a course of reasoning by which 
the truth or falsity of a particular statement is logically established. 

37. Def. a Theorem is a truth to be demonstrated. 

38. Dep. A Construction is a graphical representation of 
a geometrical conception. 

39. Dep. A Problem is a construction to be effected, or a 
question to be investigated. 
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40. Def. An Axiom is a truth which is admitted without 
demonstration. 

41. Def. A Postulate is a problem which is admitted to 
be possible. 

42. Def. A Proposition is either a theorem or a problem. ^ 

43. Def. A Corollary is a truth easily deduced from the 
proposition to which it is attached. / 

44. Def. A Scholium is a remark upon some particular fea- 
ture of a proposition. 

45. Def. An Hypothesis is a supposition made in the t, 
enunciation of a proposition, or in the course of a demonstration. 

46. Axioms. 

»-l. Tilings which are equal to the same thing are equal to each / 
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2. When equals are added to equals the wholes are equal. 

3. When equals are taken from equals the remainders are equal. 

4. When equals are added to uij^quals the wholes are unequal. 

5. When equals are taken from unequals the remainders are 

unequal. 

6. Things which are double the same thing, or equal things, 

are equal to each other. 

7. Things which are halves of the same thing, or of equal 

things, are equal to each other. 

8. The whole is greater than any of its parts. 

9. Every whole is equal to all its parts taken together. 

47. POSTUI/ATES. 

Let it be granted — 

1. That a straight line can be drawn from any one point to any 

other point. 

2. That a straight line can be produced to any distance, or can 

be terminated at any point. 

3. That the circumference of a circle can be described about any 

centre, at any distance from that centre. 
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48. Symbols and Abbrevutions. 



.*. therefore. 


Post, postulate. 


= is (or are) equal to. 


Def. definition. 


Z angle. 


Ax. axiom. 


A angles. 


Hyp. hypothesis. 


A triangle. 


Cor. corollary. 


A triangles. 


Q. E. D. quod erat demonstran- 


II parallel 


dum. 


O parallelogram 


Q. E. F. quod erat faciendum. 


UJ parallelograms. 


Adj. adjacent. 

Ext.-int. exterior-interior. 


_L perpendicular. 


J2 perpendiculars. 


Alt. -int. alternate-interior. 


rt. Z right angle. 


Iden. identical. 


rt. A right angles. 


Cons, construction. 


> is (or are) greater than. 


Sup. supplementary. 


< is (or are) less than. 


Sup. adj. supplementary-adja- 


rt. A right triangle. 


cent. 


rt. A right triangles. 


Ex. exercise. 


O circle. 


Ill illustration. ' 


® circles. 


>-\ 


+ increased by. 


H\ 


— diminished by. 




X multiplied by. 


• 


-i- divided by. 


r 


/. = iL /£ A A H /7 


^ . 



i^ 
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On Perpendicular and Oblique Lines. 

Proposition I. Theorem. 

49, When one straight line croaaea another straight line 
the vertical anglea are eg^uaL 



A .^4. B 




P 




Let line P cross ABatC, 




We are to prove ZOCB = ZACP. 


" 


Z OCA + Z OCB = 2 rt. A, 


§ 34 


{being sup.-adj. A). 




ZOCA + ZACP=2Tt.A, 


§ 34 



(being 8up,-adj.A). 
.\ZOCA + ZOCB = ZOCA + ZACP. Ax. 1. 

Take away from each of these equals the common Z OC A. 
Then ZOCB=-ZACP, 

In like manner we may prove 

Z ACO = Z POB, 

Q. E. D. 

50. CoROtLARY. If two straight lines cut one another, the 
four angles'^which they make at the point of intersection are 
together equal to four right angles. 
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Proposition II. Theorem. 

' 51. When the sum of two adjacent angles is equal to two 
right angles, their exterior sides form one and the sams 
straight line. 

O 



Let the adjacent angles Z0CA-\-Z0CB = 2rt. A. 
We are to prove A O and C B in the same straight line. 
Suppose (7 Z' to be in the same straight line with A C, 

Then Z.0CA+Z00F^2r^,A, §34 

{being sup.-adj. A ). 

But Z (7.4 + Z (7 ^ = 2 rt. A. Hyp. 

.-.Z 0<JA^- A OCF-=Z OCA + Z OCB. Ax. 1. 

Take away from each of these equals the common Z C A, 

Then ZOGF=-ZOCB, 

,', C B and (7 -F coincide, and cannot fonn two lines as rep- 
resented in the figure. 

.'.AC and (7 -ff are in the same straight line. 

Q. E. D. 
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Proposition III. Theorem. 
52. A perpendicular meamres the shortest distance from 
a point to a straight line. 




1/ 

E 

Let AB be the given straight line, C the given point, 
and CO the pexpendicnlar. 

We are to prove C < any other line, as C F. 

Produce COtoB, making OE=-CO, 

BtslwHF, 
On AB Bs an axis, fold over OCF until it comes into the 
p]meofOFF. 

The line C will take the direction of E, 
(since ACOF= ^ EOF, each being a rt. A), 

The point C will fall upon the point Ey 

(since 00= Ehy cons,). 

.'.liiXQ CF=\\x\qFE, 

(having their extremities in the same points). 

.'.CF-^- FE=2CF, 
C0+ 0E=2C0. 

C0+ 0E< CF+ FE, 

{a straight line is the shortest distance between two points). 
Substitute 2 CO fov CO + OE, 

and 2 CFioTCF+ FE; then we have 

2CO<2CF. 

.'.C0< CF. 

Q. E. D. 



and 
But 



§18 

Cons. 
§ 18 
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Proposition IV. Theorem. 

58. Two oblique lines drawn from a point in a perpen- 
^dicular, cutting off equal distances from the foot of the per- 
pendicular, are equal. 




Let FC be the pexpendicular, and C A and C two 
oblique lines cutting: off equal distances from F. 

We are to prove C A = C 0. 

Fold over CFA^ on CFaa an axis, until it comes into the 
plane ofC/'O. i 

• FA will take the direction ofFO, ; 

(since ZC FA = ZCFO, eaehbeingaH, Z), 

Point A will fall upon point 0, 

{FA = FO,byhyp.). ^ 



.-.line CA = line CO, 
(their extremities beifig the same points). 



§^18 



Q. E. D. 
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Proposition V. Theorem. 

. ~v 

54. TAe sum of two lines drawn from a point to the ^iii&---*^/< ' 
tremities of a straight line is greater than the sum of two 
other lines similarly drawn, but included by them. 




Let C A and OB be two lines drawn from the point C 
to th^ extremities of the straight line A B, Let A 
and B be two lines similarly drawn, but included 
byCA andCB. 

We are tojprove CA-^ C B>OA-^ OB. 

Produce AO to meet the line OB a,t B. 

Then A0+ OB>AO+ OB, §18 

{a straight line is the shortest distance hetvjeen two points), 

and BB+OB>BO. §18 

Add these inequalities, and we have 

OA + OB+BB-^0E>0A-^0B+0B. 

Substitute for CJ^ + ^^ its equal OB, 

and take away E from each side of the inequality. 

We have 0A + OB>OA^ OB. 

Q. E. D. 
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Proposition VI. Theorem. 

55. Of two oblique lines drawn from the same point in a 
perpendicular, cutting off unequal distances from the foot of 
the perpendicular, the more remote is the greater. 
C 




Let OF be perpendicular to A B, and C K and G H two 
oblique lines cutting off unequal distances from F, 

We are to prove G H > C K, 

Produce GF to E, making F E =^ G F, 

Dtb,w E E SLVid E H. 

GH = HE, and GK = KE, § 53 

(two obliqm lines dravm frcnn the same point m a J_, cvUing off eq^ial dis- 
tances from the foot of the X, are equal). 

But Gff+ HE>GK+ KE, §54 

(The sum of two oblique lines drawn from a poini to the extremities of a 
straight line is greater than the sum of two other lines similarly dravm, 
hut included by thefin); 

.\2GH>2,GKi 

.\GH>GK. 

Q. E. D. 

56. Corollary. Only two equal straight lines can be drawn 
from a point to a straight line ; and of two unequal lines, the 
greater cuts off the greater distance from the foot of the perpen- 
dicular. 
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Proposition VII. Theorem. 

57. Two equal oblique lines , drawn from the same point 
in a perpendicular, cut off equal distances from the foot of 
the perpendicular. 



A B 

Let C F be the perpendicular, and C E and C K be two 
equal oblique lines drawn from the point C, 

We are to prove FE= F K, 

Fold over C FA on C^asan axis, until it comes into the 
plane of (7^ A 

The line FE will take the direction FKy 
(/. CFE= A CFK, each being a H. Z.), 

Then the point E nrnst fall upon the point ^K ; 

otherwise one of these oblique lines must be more remote from 
the ±, 

and .". greater than the other; which is contrary to the 
hypothesis. § 55 

.\FE = FK. 

Q. E. D. 
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Proposition VIII. Theorem. 

58. If at the middle point of a straight line a perpen- 
dicular he erected, 

I. Any point in the perpendicular is at equal distances 
from the extremities of the straight line, 

n. Any point without the perpendicular is at unequal 
distances from the extremities of the straight line. 




Let PR be & perpendicnlar erected at the middle of 
the straight line AB, any point in PR, and C any 
point without PR, 

I, Draw 0^ and 0^. 

We are to prove A = B, 

Since PA^PB, 

OA = OB, §63 

ifiux) oblique lines drawn from the same point in a ±, cutting off equaX dis- 
tances from the foot of the ^^^ are eqwsl). 



^v {fim6bli(, 



IL Draw CA and C B. 

We are to prove C A and C B unequal. 

One of these lines, as CA, will intersect the J_. 
From 2>, the point of intersection, draw D B, 
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DB = DA, §53 

(two oblique lines dravm from the same point ina 1^ ciUting offequaZ dis- 
tances from the foot of t?ie ±, areeqiuil), 

CBKCB + BB, §18 

{a straight line is the shortest distance bettoeen two points). 

Substitute for D B its equal D Ay then 
CBKCD + DA. 
But CD-^DA^-CA, Ax. 9. 

.\CB<CA. 

Q. E. D, 

59. The Locus of a point is a line, straight or curved, con- 
taining all the points which possess a common property. 

Thus, the perpendicular erected at the middle of a straight 
line is the locus of all points equally distant from the extremi- 
ties of that straight line. 

60. Scholium. Since two ^ints determine the position of 
a straight line, two poin^requally distant from the extremities 
of a straight line determine the perpendicular at the iniddle 
point of that line. 



Ex. 1. If an angle be a right angle, what is its complementrt 

2. If an angle be a right angle, what is its supplement % 

3. If an angle be f of a right angle, what is its complement 1 

4. If an angle be f of a right angle, what is its supplement 1 

5. Show that the bisectors of two vertical angles form one 
and the same straight line. 

6. Show that the two straight lines which 'bisect the two 
pairs of vertical angles are perpendicular to each other. 



\ 

\ 
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Pboposition IX. Theorem. 

61. At a point in a straight line only one perpendicular 
to that line can be drawn ; and from a point without a 
straight line only one perpendicular to that line can be drawn, 

• AE 



B 

Kg. 1. 



D 



EB 

Pig. 2. 



Let BA {fig. t) be perpendicular to C D at the point B. 

We are to prove B A the only perpendicular to C D at the 
point B. 

If it be possible, let J5^ be another line ± to C 2> at A 
Then Z EBB is &Tt, Z. §26 

But ZABI)i8B,Tt.Z. §26 

.\Z EBD = ZABI), Ax. 1. 

That is, a part is equal to the whole ; which is impossible. 
In like manner it may be shown that no other line but B A 
\s±toOI)&tB. ^^ 

Let AB{fig, 2) be perpendicular to CD from the pd^t A. 
We are to prove A B the only _L to G D from the point A. 

If it be possible, let ^ ^ be another line drawn from A J_ 
to CD. 

Conceive Z AEB tohe moved to the right until the ver- 
tex E falls on B, the side EB continuing in the line CD. 

Then the line E A will take the position B F. 

Now if il ^ be ± to CD, BFia± to CD, and there will 
be two _b to C i> at the point B ; which is impossible. 

In like manner, it may be shown that no other line but 
ii ^ is ± to (7 2> from A. q^ e^ d, 

62. Corollary. Two lines in the same plane perpendicular 
to the same straight line have the same direction ; otherwise 
they would meet (§ 22), and we should have two perpendicular 
lines drawn from their point of meeting to the same line ; which 
is impossible. 
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On Parallel Lini^. 

63. Parallel Lines are straight lines which lie in the same 

plane and have the same direction, or opposite directions. 4^ w^ii) oA/^Pjvucr 
Parallel lines lie in the same direction, when tneyareonl^*^ j^'^^^^t^ 

the same side of the straight line joining their origins. 

Parallel lines lie in opposite directions, when they are on 

opposite sides of the straight line joining their origins. 

64. Two parallel lines cannot meet, § 21 

65. Two lines in the same plane perpendicular to a given 
line have the same direction (§ 62), and are therefore parallel, V 

66. Through a given point only one line can he drawn par- ^ 
olid to a give^i line. § 18 




If a straight line EF cut two other straight lines AB 
and CD, it makes with those lines eight angles, to which par- 
ticular names are given. 

The angles 1, 4, 6, 7 are called Interior angles. 

The angles 2, 3^ 5, 8 are called Exterior angles. 

The pairs of angles 1 and 7, 4 and 6 are called AUemate- 
interior angles. 

The pairs of angles 2 and 8, 3 and 5 are called Alternate- 
exterior angles. 

The pairs of angles 1 and 5, 2 and 6, 4 and 8, 3 and 7 are 
called Exterior-interior angles. 
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Proposition X. Theorem. 

67. If a straight line he perpendicular to one of two 
parallel lines, it is perpendicular to the other. 



E 



0=^::— 



^--N 



Let A B and E F be two parallel lines, and let HE be 
perpendicular to A B. 

We are to prove HK l.to EF. 

Through C draw MN ±'to H K. 

Then MNi^WioAB. §65 

{Two lines in the seme plane JLto a given line are parallel). 

But EFisWtoAB, Hyp. 

.-. E F coincides with MI^, § 66 

{Through the same point only one line can be draicn Wtoa given line), 

.\EFis±toHK, 
that is ff E ia± to EF. 

' Q. E. D. 
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Proposition XI. Theorem. 

68. If two parallel straight lines he cut by a third 
straight litie the alternate-interior angles are equal. 




X 



Let EF and GH he two parallel straight lines cut by 
the line BC. 

We are to prove ZB=Z.C. 

Through 0, the middle point of B G, draw AD± toG H. 

Then A Lis likewise ± to ^i^, § 67 

(a straight line ± to one ofttoo Wats ±tot?ie other), 

that is, CD and B A b.tq both l.%o AD. 
Apply figure GOD to figure BOA so that OD shall fell 
on 0-4. 

Then C will fell on J9, 

{since /.COD = Z.BOA, being vertical A) ; 

and point G will fell upon B, 

(sin^ 0C= OBby construction). 

Then ± (7i> will coincide with ±BA, § 61 

(from a poini witJumt a straight line only one ± to that line can he dravm). 

.*. Z GD coincides with Z.OBA9 and is equal to it. 

Q. E. D. 

Scholium. By the converse of a proposition is meant a 
proposition which has the hypothesis of the first as conclusion 
and the conclusion of the first as hypothesis. The converse of 
a truth is not necessarily true. Thus, parallel lines never meet ; 
its converse, lin^ which never meet are parallel, is not true unless 
the lines lie in the same plane. 



Note. — The converse of many propositions will be omitted, 
but their statement and demonstration should be required as an 
important exercise for the student. -^ 
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Proposition XII. Theorem. 

69. Conversely : WAen two straight lines are cut by a 
third straight line, if the alternate-interior angles be equal, 
the two straight lines are parallel. 




Let H F cut the straight lines A B and CD in the points 
H and K, and let the A A HK = Z HKD. 

We are to prove AB II to C D, 
Through the point H draw MN II to CD ; 



then ZMHK=ZHKD, 


§68 


ifmng alt.-iTU, A ). 




But AAHK=^/iHKD, 


Hyp. 


.'.Z.MHK=Z.AHK. 


Ax. 1. 


,', the lines MN and A B coincide. 




But MJSria II to CD; 


Cons. 


.\ABy which coincides with MNy is II to C D. 




-^v « 


E. D. 
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Proposition XTTL Theorem. 

70. If two parallel lines he cut hy a third straight line, 
the exterior^interior angles are eqimL 

E 




Let AB and C D be two parallel lines cut hy the 
straight line E F, in the points H and K. 

We are to prove Z EHB = Z HKD. 



But 



ZEIIB = ZAHK, 


§49 


(being vertical d). 




ZAHK=ZHKD, 


§68 


(being aU.-int. A). 




\ZEHB = ZHKD. 


Ax. 1 



In like manner we may prove 



Q. E. D. 



71. Corollary. The alternate-exterior angles, EEB and 
CKF, and also A HE and D KF, are equal. 
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Proposition XIV. Theorem. 

72. Conversely : WAen two straight lines are cut by a 
third straight line, if the exterior-interior angles be equal, 
these two straight lines are parallel. 

E 




Let EF cut the straight lines AB and C D in the 
points H and K, and let the Z EHB = Z HKD. 

We areto prove ABWtoCD, 

Through WiQ point H draw the straight line MN II to C D, 

Then Z EHN^ Z HKD, § 70 

(heii^g ext.-int. A). 

But ZEHB=-Z HKD. Hyp. 

.-. Z EHB = Z EHN. Ax. 1. 

.'. the lines M N and A B coincide. 
But MNm II to (72), Cons. 

.\AB, which coincides with MN, is II ix) C D. 

Q. E. D. 
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Proposition XV. Theorem. 



19. If two parallel lines be cut by a third straight line, 
the sum of the two interior angles on the same side of the 
secant line is equal to two right angles^ 



E 




Let AB find C D be two p&r&Uel lines cut by the 
straight line EF in the points H and E. 

We are to prove Z B EK + Z HK D = two rt. A. 

ZEHB^ZBHK=2rt.A, §34 

{being sup. -adj. A). 

But Z EHB = Z HKD, § 70 

(peirig ext,-int. A ). 

Substitute Z HKB for Z EHB in the first equality; 
then Z BHK + Z HKD = 2 rt. A 

Q. E. D. 

/ A -^ T -^ a f ^ 
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Proposition XVI. Theorem. 

74. Conversely : When two straight lines are cut hy a 
third straight line, if the two interior angles on the same side 
of the secant line he together equal to two right angles, then 
the two straight lines areparalleL 



E 




Let EF cut the straight lines AB and C D in the 
points H and K, and let the Z BHK + Z HKD 
equal two light angles. 

We are to prove A B ^ to CD, 

Through the point H draw MN II to CD. 

Then Z NHK + Z HKD = 2 rt. ^, § 73 

(peirvg two interior A on the same side of the secant line). 

But* Z B HK + Z HKD = 2Tt,A. Hyp. 

.\ZJVHK+ZffKD = ZBEK+ZEKD. Ax. 1. 
Take away from each of these equals the common ZffKD, 
then ZNHK=-ZBHK. 

.'. the lines A B and M N coincide. 
But MN is II ioC D; Cons. 

,\ AB, which coincides with Jf iT, is II to C D, 

Q. E D. 
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_,- 

Proposition XVII. Theorem. 

75. Two straight lines which are parallel to a third 
straight line are parallel to each otheh^ 

H 



A- 
C- 

E- 



B 

-D 



Let AB and CB be pamUel to EF. 

We are to prove AB II to C D. 

Dt&w ffK±ioi:F. 

Since CD and FFaxe II, HK is ± to Ci>, § 67 
{if a straight line he ± to one of two Ws^itial. to the other al8o)$ 

Since A B BXi^di E F 2ltq II, HK is also l.toAB, § 67 

.\Z.HOB=^ZIIPD, 

(each being art, Z). 

.'. ABisW to CD, § 72 

(when ttoo straight lines are ciUhy a third straight line^ if the ext. -int. A 
he e^ialy the two lines are II ). 

Q. E. D. 
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Proposition XVIII. Theorem. 

76. Two parallel lines are everywhere equally dUtani 
from each other, 

E M H ^ 

A 1 1 X B 




Let A B and CD be two parallel lines, and from any 
two points in A B, as IS and H, let EF and RK 
he drawn perpendicular to A B. 
We are to pr<yoe EF = H K. 

Now EF and HK are ± to C A § ^7 

{a line ± to one oftiw Wsis ±tothe other also). 

Let M be the middle point of E H, 
Draw MP l.io AB, 
On J/"/* as an axis, fold over the portion of the figure on 
the right of MP until it comes into the plane of the figure on 
the left. 

MB wiU feU on MA, 
(forZPMH^ZPMEy each being a rt Z); 

the point ff will fall on E, 
(for MR= ME, by hyp.); 

ff KwmMl on EF, 

(forZMHK=ZMEF, each being a rL Z) ; 

and the point K will fall on EF, or EF produced. 

Also, PD will fall on P C, 

{ZMPK=ZMPF, each being a rt. Z) ; 

and the point K will fall on P C, 

Since the point K falls in both the lines EF and P C, 

it must fall at their point of intersection F, 

,\HK=EF, §18 

(their extremities being the same points), 

Q. E. D. 
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Proposition XIX. Theorem. 

77. Two angles whose sides are parallel, two and two, 
and lie in the same direction, or opposite directions, from their 
vertices, are equal. 
A D 




Fig. 1. 

Let A B and E {Fig. 1) have their sides BA and ED, 
and BG and EF respectively, parallel and lying 
in the same direction from their vertices. 

We are to prove the /. B = /. E. 

Produce (if necessary) two sides which are not II until they 
intersect, as at JST; 

then Z.B=-/.DHG, §70 

ifming ext.-int A ), 

and ZE^ZBHC, §70 

.\ZB = Z E. Ax. 1 

Let A B' and E' {Fig. 2) have B' A' and W ly, and B' C 
and E' F' respectively, parallel and lying in oppo- 
site directions from their vertices. 

We are to prove the Z B^ = Z EK 

Produce (if necessary) two sides which are not II until they 
intersect, as at W. 

Then ZB!^ZEE!G\ , §70 

{}>emg ext.'int. A ), 

and Z E'-=Z E'H'G'y §68 

(being alt.-int. A ) ; 

.-. ZB' = Z E\ Ax. 1. 

Q. E. D. 
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Proposition XX. Theorem. 

78. If two angles have two aides parallel and lying in 
the same direction from their vertices, while the other two 
sides are parallel and lie in opposite directions, then the two 
angles are supplements of each other. 




Let ABC and D E F be two angles having B C and ED 
parallel and lying in the same direction from their 
vertices, while E F and B A are parallel and lie in 
opposite directions. 

We are to prove Z ABC and Z DEF supplements of each 
other. 

Produce (if necessary) two sides which are not II until they 
intersect as at II, 

Z ABC^ZBHD, §70 

{Jmjhg ext,'i7U, A). 

A DEF^ZBHE, , § 68 

{hdng alL-int. A), 

But Z BED and Z B HE are supplements of each other, § 34 
{being sup.-adj, A ). 

.'. Z ABC BJid ZD EF, the equals of Z BED and 
ZBH E, are supplements of each other. 

Q. E. D. 
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On Triangles. 

79. Dbjp. a Triangle is a plane figure bounded by 
straight lines. 

A triangle has six parts, three sides and three angles. 

80. When the six parts of one triangle are equal to the 
parts of another triangle, each to each, the triangles are said to 
be equal' in all respects, 

81. Dep. In two equal triangles, the equal angles are called 
Homologous angles, and the equal sides are called Homjolog<ms 
sides. 

82. In equal triangles the equal sides are opposite the 
equal angles. 




EQUILATERAL. 



83. Dep. A Scalene triangle is one of which no two sides 
are equal. 

84. Dep. An Isosceles triangle is one of which two sides 
are equal. 

85. Dep. An Equilateral triangle is one of which the three 
sides are equal. 

86. Dep. The Base of a triangle is the side on which the 
triangle is supposed to stand. 

In an isosceles triangle, the side which is not one of the 
equal sides is considered the base. 
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87. Def. a Right triangle is one which has one of the 
angles a right angle. 

88. Def. The side opposite the right angle is called the 
HypoteniLse, 

89. Def. An Obtuse triangle is one which has one of the 
angles an obtuse angle. 

90. Def. An ActUe triangle is one which has all the angles 
acute. 




EQUIANQULAR. 




91. Def. An Equiaiigvlar triangle is one which has all 
the angles equal. 

92. Def. In any triangle, the angle opposite the base is 
called the Vertical angle, and its vertex is called the Vertex of 
the triangle. 

93. Def. The Altitude of a triangle is the perpendicular 
distance from the vertex to the base, or the base produced. 

94. Def. The Exterior angle of a triangle is the angle in- 
cluded between a side and an adjacent side produced, as Z CBD, 

95. Def. The two angles of a triangle which are opposite 
the exterior angle, are called the two opposite interior angles, as 
A A and G. 
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96. Any side of a triangle is less than the sum of th^ 
other two sides. 

Since a straight liue is the shortest distance between two 
points, 

AC<AB-^ BC. 

97. Any side of a triangle is greater than the difference 
ff the other two sides. 

In the inequality AG<AB-\-Bi 

transpose A B. 

Then AG — AB<BC\qt 

BOAC-AB. 



Ex. 1. Show that the sum of the distances of any point in a 
triangle from the three angles of the triangle is greater than half 
the sum of the sides of the triangle. 

2. Show that the locus of all the points at a given distance 
from a given straight line AB consists of two parallel lines, 
drawn on opposite sides of A B, and at the given distance 
from it 

3. Show that the two equal straight lines drawn from a point 
to a straight line make equal acute angles with that line. ^^^ ^ 

4. Show that, if two angles have their sides perpendicular, 
each to each, they are either equal or supplementary. 



iv 
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Proposition XXL Theorem. 

98. The mm of the three angles of a triangle is equal 
to two right angles. 

B E 



/ zz ^ ^^ c ^ 

-2- <^ T /Jh:^^* ABC be a tzi&ngle. 

/ ^- 2^^ ^ Weure to prove ZB-\'ZBCA + ZA'=ttifoH. A, 

Draw CJEWtoAB, and prolong A C, 

TheYiZJSCF'^ZECB + Z BCA^2Tt.A, §34 
(the sum of all the A about a point on the same side of a straight line 
= 2rt. A), 

But 



ZA=ZECF, 


§70 


(being exi.-iiU. 4), 




WD.^ZB = Z.BCE, 


§68 


(being aUMnt. A). 





Substitute fovZ ECFsmiZ B CE theii equal A, A and B. 
Then Z A+ Z B + Z BOA = 2 rt. A 

Q. E. D. 

99. Corollary 1. If the sum of two angles of a triangle be 
known, the third angle can be found by taking this sum from 
two right angles. 

100. Cor. 2. If two triangles have two angles of the one 
equal to two angles of the other, the third angles will be equal. 
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101. Cor. 3. If two right triangles have an acnte angle 
of the one equal to an acute angle of the other, the other acute 
angles will be equal. 

102. Cor. 4. In a triangle there can he but one right angle, 
or one obtuse angle. 

103. CoR. 5. In a right triangle the two acute angles are 
complements of each other. 

104. CoR. 6. In an equiangular triangle, each angle is one 
third of two right angles, or two thirds /f one right angle. 



Proposition XXJl: Theorem. 

105. The exterior angle mck.triangle is equal to the sum 
of the two opposite interim^ 








Let BCff be an exterior angle of the triangle ABC, 

We are to prove Z B CH^ Z A + Z B, 

ZBCH-hZACB=^2Tt.A, § 34 

(being sup.-adj. A ). 

Z A -h Z B + Z A CB ^ 2 Yt, A, § 98 

(three AofaA = two rt. A ). 

.'.ZBCff-hZ AGB^ZA + ZB + ZACB. Ax. 1. 
Take away from each of these equals the common Z A C B ; 
then ZBCn=Z A^- ZB. 

Q. E. D. 
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Proposition XXTIL Theorem. 

106. Two triangles are eqtial in all respects wlien two 
sides and the included angle of the one are equal respectively 
f4) two sides and the included angle of the other. 




B Af 




In the tziangles ABC and A' W C, let AB^A'B, 
AC^A'O'yLA^AA'. 

We are to prove A ABC= A A' B' C. 

Take up the A ABC and place it upon the A ii'^C" so 
that A B shall coincide with A' Bf, 

Then A C will take the direction of A' C, 

the point C will fall upon the point C", 
iJcT AG= A^ Cl^lyliyp,)\ 

s^ .\CB^C'B', §18 

(thdr extremities being the same points). 

•*. the two A coincide, and are equal in all lespects. 

Q. E. D. 



) 




Digitized 



by Google 



TBIAXQLES. 43 



Proposition XXIV. Theorem. 

107. Two triangles are equal in all respects when a side 
and two adjacent angles of the one are equal respectively to a 
side and two adjacent angles of the other. 





B A^ 



In the triangles ABC and A' B C, let AB^A'B', 
ZA-=/,A',ZB=-ZB', 

We are to prove AABC = AA'B'C\ 

Take up A ABC and place it upon A A' B' C", so that 
A B shall coincide with A' B', 

A C will take the direction of A' (7', 
{f(yrAA = Z.A',byhyp.)\ 

the point (7, the extremity of A (7, will fall upon A' C or 
A' C produced. 

^ C will take the direction of B' C", 

the point (7, the extremity of B C, will fall upon B' C or 
B C produced. 

.'.the point C, falling upon both the lines A' C and B' C", 
must fall upon a point common to the two lines, namely, C". 

.*. the two A coincide, and are equal in all respects. 

Q. E. D. 
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Proposition XXV. Theorem. 

108. Two triangles are equal when the three aides of \ 
one are equal respectively to the three sides of the other. 
B B' 





\ 

\ 



\ 



In the triangles ABC and A' B' C, let AB = A' B', 
AC = A'G', BC^B'C. 

We are to p)^(yve A A BC =' A A' B' C. 
Place A A' B' C in the position A B' C, having its greatest 
side A' C in coincidence with its equal A C, and its vertex at 
B', opposite B. 

Draw B B' intersecting AC ai ff, ^ 

Since ^^ = ii^', Hyp. \ 

point ii is at equal distances from B and B'. 

Since BC = B'G, Hyp. 

point (7 is at equal distances from B and B'. 

.\ A C ia ± to BB' at its middle point, § 60 

(two points al eqital distances from the extremities of a straight line deter- 
mine the 1. at the middle of that line). 

Now i£A AB' Che folded over on AC as an axis until it 
comes into the plane of A ABC, 

ffB wm faW on HB, 
(for Z A HB = ZA SB', each being a rt. A\ 

and point B' will fall on B, 
{forBBf=^HB). 

.'. the two A coincide, and are equal in all respects. 

Q. E. D. 
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Proposition XXVI. Theorem. 

109. Two right triangles are eqxial wlien a aide and the 
enme of the one are equal respectively to a side and the 
nuse of the other. 

A Ai 





C B^ 



In the light triangles ABC and A' B' C, let AB=^A' B\ 
and AC^A'C', 

We are to prove A A BC = A A' B' C. 

Take u^ the A ABC and place it upon A A^ B^ C", so that 
A B will coincide with A^ B', ^ 

Then J5 (7 will fall upon B' C, 

{f(/r /,ABC= /.AfB^C, each being aH, Z.\ 

and point C will fall upon C ; 

otherwise the equal oblique lines A C and A' C would cut 
off unequal distances from the foot of the J», which is im- 
possible, § 57 
ipwo equal oblique lines from a point in a 1. cut off equal distances from the 
foot of the ± ). 

.*. the two A coincide, and are equal in all respects. 

Q. E. D. 
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Proposition XXVIL Theorem. 

110. Two right triangles are equal when the hypotenuse 
and an acute angle of the one are equal respectively to the 
hypotenuse and an acute angle of the other. 

A Af 





In the light triangles ABC and A' B' C, let AC ^^ A^^\ 
ana Z A==Z A', 



We are to prove AABC^ AA'B'C. 
AC = A' C", 
ZA=ZA', 



Hyp. 
Hyp. 



then ZC=^ZC', § 101 

{if two rt. A Tiave an acute Z of the one equal to an acute Z of the other, 
then the other acute A are equaZ). . 

.\AABC=-AA'B'C', §107 

{two A are equal when a side and two adj. A of the one are equal 
respectively to a side and two adj. A of the other), 

Q. E. D. 

111. Corollary. Two right triangles are equal when a 
side and an acute angle of the one are equal respectively to an 
homologous side and acute angle of the other. 
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Proposition XXVIII. Thsobbh. 

112. In an isosceles triangle the angles opposite the 
equal sides are equal. ^f^ ^^^^^j^ ^ LxaTV^^ 




AG W^ CB equal. 

We are to prove A A = Z. B, 

From C draw the straight line C^^^ so as to bisect the 
ZACR 



Inthe A AC Band BCE, 




AC=BC, 


Hyp. 


CE=GEy 


Ideiu 


ZACE^ZBCE', 


Cons. 



.\AACE = ABCE, §106 

(tioo is. are equal when two aides and the included I. of the (me are equal 
respectively to ttoo sides and the included A of the other). 



^y 



^// 



.\ZA=ZB, 

{being homologous A of equaZ ^ ). 



Q. 




Ex. If the equal sides of an isosceles triangle be produced, 
show that the angles formed with the base by the sides produced 
are equal. 
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Proposition XXIX. Theorem. 

113. A straight line which bisects the angle at the vertex 
af an isosceles triangle divides the triangle into two equal 
triangles, is jserpendicular to the base, and bisects the base. 

C 




Let the line C E bisect the Z ACB of the isosceles 
AACB. 



We are to prove 1. A AC E = A BCIl; 




n. lineCE±toAB; 




m. AE'=BE. 




I. JniheAACEmiJBCE, 




AC = BG, 


Hyp. 


CE=CE, 


Iden. 


AACE=^ABCE. 


Cons. 


.'.AACE=ABCE, 


§106 



(hcmng two sides and the included /.of the one equal respecHvely to two sides 
and the included Z of the other). 

Also, n. Z CEA = Z GEE, 

{being homologotis A. of eqv>al A ). 

.-. (7J^is±to AB, 
(a straight line meeting another, making the adjacent A equal, is ± to 

that line), 

' Also, III. AE=-EB, 

' (being homologous sides of equal ^ ). 
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Proposition XXX. Theorem. 

114. If iioo angles (fa triangle he equal, iJie sides op- 
/ posite the equal angles are equal, and the triangle is isosceles. 




In the txiangle ABC, let\ thf Z B = ZC. 
We are to prove AB = AC. 

'DTSLwAD±toBC. 
In the rt. A ABB smdADC, 
AL-=AD, 
ZB-=ZC, 

.\ Tt, A A B B ^ It. A A D C, § 111 

{k(wing a side and an acute A of the one equal respectively to a side and an 
acute Z of the other). 



Iden. 



.'.AB = AC, 
(being homologoys sides ofeqtuU ^). 



Q. E. D. 



■^ 



Ex. Show that an equiangular triangle is also equilateral 
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Proposition XXXI. Theorem. 

115. ^ two triangles have two sides of the one equal 
respectively to two sides of the other, but tlie included angle 
of the first greater than the included angle of the second, then 
the third side of the first will be greater than the third side 
of the second. 

B B B 



.-^ 



. -^C 





E E 

In the AABC and ABE, let AB^AB, BC^BE) 
but A ABO A ABE. 

We are to prove AO A E, 
Place the A so that AB oi the one shall coincide with A B 

of the other. 

Draw ^ J^so as to bisect Z EBC. 

Draw EF, 
In the A E B F oxidi GBF 

EB = BC, Hyp. 

BF=BF, Iden. 

Z EBF=Z CBF, Cons. 

.-. the A jE^^ j^ and C i5 i^ are equal, § 106 

{having two sides and the included Z of one equal respectively to two sides 

and the included A of the other). 

.\EF=-FC, 

(being homologous sides of equal ^ ). 

Now AF-^ FE>AE, §96 

{the sum of two sides of a A is greater than the third side)* 

Substitute for FE its equal FC. Then 

AF-¥ FOAE, or, 

AOAE. 

Q. E. D. 
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Proposition XXXII. Theorem. 

116. Conversely: Jftwo sides of a triangle be equal 
respectively io two sides of another, hut the third side of the 
first triangle he greater than the third side of the second^ then 
the angle opposite the third side of the first triangle is greater 
than the angle opposite the third side of the second. 




In the AABC andA'B'O, let A B =- A' B, AG -=- A' G' -, 
hut BC> B' C*. 

We ore to prove /. A^ Z. A', 
If Z.A=/.A', 

thenwould AABC==AA*B'C\ §106 

{having two sides and the included ^ of the one eqtuil respectively to two sides 
and the included A of the other)^ 

and BG=-BG'y 

{being homologous sides of eq^uU ^ ). 

And if A< ^', 

then would BG<B'G', § 115 

,{ifttdo sides of a A be equal respectively to two sides of another A, but the 
included Z of the first be greater than the included Z of the second, the 
third side of the first will be greater than the third side of the second,) 

But both these conchisions are contrary to the hypothesis ; 

.*. Z A does not equal Z A'^ and is not less than Z. A*. 

.\ZA>Z A\ 

Q. E. D 
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Proposition XXXIIL Theorem. 

117. Of two sides of a triangle y that is greater which is 
opposite the greater angle* 




In the triangle ABC let^i^gle ACB bd greater than 
angle B. ^U ^ 




We are to prove AB > AC. ^ 

Draw CU so as to make ZBCE^ZB. 

Then EC=^EB, 

{being sides opposite equal A ). 

mw AE-{- EOAC, 

{the sum of two sides of a A is greater than the thitd side). 

Substitute for ECits equal E B. Then 

AE+ EB>ACy or 

AB>AC 



§112 
5 96 



Q. E. D. 



Ex. ABC and A B I) axe two triangles on the same base 
A By and on the same side of it, the vertex of each triangle 
being without the other, li AC equal A B, show that B C 
cannot equal BB. » 
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Proposition XXXIV. Theorem. 

hn 118. Of two angles of a triangle, that is the greater 
. fjfhich is opposite the greater side. 

B 





C 

In the triangle A^C let AB he greater than A C. 
Wearetoprove ZACB>ZB. 

Take^jFeqiialto^C; 
Drawee. 

ZAEC = ZACE, §112 

{being A opposite eqxuil sides). 

But ZAEOZB, §105 

{cm exterior Z of a A is grecUer than either opposite interior Z), 

and ZACB>ZACE, 

Substitute for ZACBita equal ZAECy then 

ZACB>ZAEC. 

Much more \aZ ACB> ZB. 

Q. E. D. 



Ex. If the angles ABC and ACB, at the base of an 
isosceles triangle, be bisected by the straight lines B^j C Dy 
show that BBC will be an isosceles triangle. 




{ 



\ 
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Proposition XXXV. Theorem. 
119. The three biaecton of the three angles of a triangle^, 
meet in a point. 




P 

Let the two bisectors of the angles A and C meet 
at 0, and OB be drawn. 

We are to prove B bisects the Z B. 

Draw the A OK, Py and OH. 

In the rt. A (7 ^ and OCP, r 

OC=^OGy Iden. ^ 

ZOGK = Z.OCP, Cons. ? 

.'.AOCK^AOCP, §110 * 

(having the hjfpotenuse and an cumte Z of the 07ie equal respectively to the 
hypoteniAse and an acute AofUui other), 

.\OP = OK, 

(honwlogous sides of equal ^ ). ^ 

In the rt. A Oii P and OAff, 

OA = OA, Iden. 

ZOAP==ZOAff, Cons. 

.\AOAP = AOAff, § 110/ 

[having the hypotenuse and an acute Z of the one eqval respectively to i 
hypotenuse and an acute Z of the other), 

.',OP=OH, 

(being homologotis sides of equal ^ ), 

But we have already shown P^^ OK, 
.\OH=OK, 
Now in rt. A OHB and O KB 
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Off^OK,ajidOB = OB, 

.\AOffB = A KB, §109 

(liaving (he hypotenuse and a side of the one equal respectively to the hypote^ 
nvse and a side of the other), 

.\ZOBff=ZOBK, 

{being homologous A of equal ^). (^ 

/ Q. E. D. i 

^^^ sj ^ Proposition XXXVI. Theorem. '^^^-%-^''^ 

120. The three joerjpendiculars erected at the middle 
points of the three sides of a triangle meet in a point. 
A 



^^ 







\'> 



T Let DD', EE'y F F\ be three perpendiculars erected 
at D, E, F, the middle points of AB,A C, and B C, 

We are to prove tkey meet in some point, as 0, 

The two ^ D D' and E E' meet, otherwise they would be 
parallel, and A B and A (7, being J§ to these lines from the same 
point A, would be in the same straight line ; 

but this is impossible, since they are sides of a A. 

Let be the point at which they meet. 

Then, since is in i> D', which is -L to .4 -5 at its middle 
point, it is equally distant from A and B. § 59 

Also, since is in E E', l.io AC oi its middle point, it is 
equally distant from A and (7. 

.'. is equally distant from B and C; 

.-. is in FF' _L to 5 C' at its middle point, § 59 

{phe locus of ail points equally distant from the extremities of a straight lin^ ^ 

is the ± erected at the middle of thai line), 

Q. E. D. 
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Proposition XXXYIL Theorem. 

121. The three perpendiculars from the vertices of a tri-- 
angle to the opposite sides meet in a point. 

Bf 




At 

In the triangle ABC, let B F, AH, G K, be the per- 
pendiculars from the vertices to the opposite 
sides. 

We are to prove they meet in some point, as 0. 

Through the vertices -4, B, C, draw 

• A'F II ioBC, 
A'C 11 tOiiC, 
B'C II to ^ J?. 

In the A A BA' and ABC, we have 
AB==AB, 



ZABA'=-ZBAC, 

(being aUemate inierior A ), 

ZBAA^=-ZABC, 



Iden. 
§68 

§68 

.\AABA' = AABC, §107 

{having a side and two adj, A of the oTie equal respectively to a side and 

two adj, A of the other). 

.\A^B-=AC, 

{being homologotLS sides of egttal A ). 
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In the A GBG' and ^ ^a, 

BG = BG, Iden. 

ZGBG'^/LBGA, §68 

{Jking alternate interior A ). 

ZBGG' = ZGBA, §68 

.\AGBG'==AABG, § 107 

{having a Me and two adj, A of the one equal respectively to a side and tu 
adj. A of the other), 

.\BG' = AG, 
^ . {being ?umiologotis sides of equal ^ ). 

But we have already shown A' B = A G, 



>^ 



/ .'.A'B=^BG\ Ax\ 

,\B is the middle point of A' G'. 

Since^Pis±toii(7, Hyp. 

itis-Ltoii'C", §67 

(a straight line whUh is ± to one of two \\s is ± to the other also). 

But B is the middle point of A' G' ; 

.\ BP\b± to A' G' at its middle point. 

In like manner we may prove that 

^ ^ is X to ii' jB' at its middle point, 

and (7 JT ± to ^' C" at its middle point. 

.'. BF, AH, and CiT are Js erected at the middle points 
of the sides of the A A' B' G'. 

.'. these J§ meet in a point. § 120 

{the three JS erected ai the middle points of the sides of a A meet in a point). 

Q. E. D. 
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On QuADRi;[iATEBAL8. 

122. Def. a Quadrilateral is a plane figure bounded by 
four straight lines. 

123. Dep. a Trapezium is a quadrilateral which has no 
two sides paralleL 

124. Dep. A Trapezoid is a quadrilateral which has two 
sides parallel. 

125. Dep. A Parallelogram is a quadrilateral which has 
its opposite sides parallel. 




TRAPSZIUM. 




TRAPEZOID. 



PARALLELOGRAM. 



126. Dep. A Rectangle is a parallelogram which has its 
angles right angles. 

127. Dep. A Square is a parallelogram which has its 
angles right angles, and its sides equal. 

128. Def. A Rhombus is a parallelogram which has its 
sides equal, but its angles oblique angles. 

129. Def. A Rhoniboid is a- parallelogram which has its 
angles oblique angles. 

The figure marked parallelogram is also a rhomboid. 




RECTANGLE. 
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130. Def. The side upon which a parallelogram stands, 
and the opposite side, are called its lower and upper buses; and 
the parallel sides of a trapezoid are called its bases. 

131. Def. The Altitude of a parallelogram or trapezoid is 
the perpe ndicul ar distance between its bases. 

132. Def. The Diagonal of a 
quadrilateral is a straight line joining 
any two opposite vertices. 




Proposition XXXVIII. Theorem. 



^ 133. The diagonal of a parallelogram divides the figure 
\j< i%U>iwo eqnal'triangles. 




Af E 

Let ABC E be a parallelogram, and A C. its diagonal 

We are to prove A ABC = ^AEC. 
. Jnthe A ABC 8ind A EC 

AC = AC, 



ZACB = ZCAE, 

(being cUt.-int. A). 
Z CAB^ZACE, 



Iden. 
§68 

§68 
§107 



.\AABC==AAEC, 

{Jumng a side a'iid two adj. A of the one equal respectively to a side and two 

adj. A of the other). ^ 

Q. E. D. 
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Proposition XXXIX. Theorem. 

134. In a joarallelogram the opposite aides are equals 
and the opposite angles are equal. 

B C 



A E 

Let the figure ABC £ be a parallelogram. 

We are to prove BC^AE, andAB=^ EC, 

also, ZB^/. E,andZ.BAE^Z,BCE. 

Draw A C. 

AABC = /^AEC, §133 

(the diagonal of a O divides the figure iivto two equal A ). 

.'.BC = AE, 

and AB = CE, ' 

(being homologous sides of equal A ). / 



logous A ofeq^wZ ^ )- / J /\ v-/ I 

G^AACE, yf/ .^^ 



I {being Jurniologous 4 

' ZBAC = . 

and ZEAC=-ZACB, 

{being homologous A of equal A). 

Add these last two equalities, and we have 

ZBAC-\-ZEAC = ZAGE+ZACB; 

or, ZBAE = ZBCE. 

Q. E. D. 

135. Corollary. Parallel lines comprehended between par- 
allel lines are equal. 
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Proposition XL. Theorem. 

136. If a quadrilateral have two sides equal and par^ 
allely then the other two sides are equal and parallel, and the 
figure is a parallelogram. 




Let the figure ABC E be a quadiilatezaJ, having the 
side A E equal and paxallel to BC, 

We are to prove A B equal and II to E C. 

Draw A G. 
In the AABC ^Tidi A EC 

BC = AE, Hyp. 

AC = AC, Iden. 

ZBCA=ZCAE, §68 

(beiiiy aU.'irU, A). 

r.AABC^AACE, §106 

(having two sides and the included Z of the one eqiLoZ respectively to two sides 
and the included Z of the other). 

.\AB = EG, 

{being homologous sides of equal A ). 

Also, ZBAC^ZACE, 

(being homologous A of equal ^ ) ; 

.'.ii^is II to EC, §69 

{when two straight lines are cviby a third straight line, if the alt-int, A be 
equal the lin^s are parallel). 

.'. the figure ABCEhaiCJ, § 125 

{the opposite sides being parallel). 

"" "'^~ D. 
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Proposition XLL Theorem. 

137. If in a quadrilateral the opposite sides be equal, the 
figure is a parallelogram. 




0^ 




Let the ftevure A B C E be a quadrUateral having: 
BC^AE and AB=-EC, 

We are to prove figure ABC E a O. 

Draw A C. 

In the ^ABC9,ndiAEC 

BO=^AE, Hyp. 

AB^CE, Hyp. 

AC = AC, Iden. 

r.AABC^AAEC, §108 

{having three sides of the one eqtuU respectively to three sides of (he other). 

.'.ZACB^ZCAE, 

and ZBAC=-ZACE, 

(being homologous A qf equal ^ ). 

.'.BCm II ioAE, 

and A Bis II to EC, §69 

{when two straight lines lying in the same plane are cut by a third straight 
line, if the dU^-int, A be equal, the lines are parallel). 

.'.the^gaTeABCEiasiCJ, §125 

{having its opposite sides parallel). 

Q. E. D. 
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Proposition XLIL THEOREk. 
188. The diagonals of a joanallelogram bisect each other. 



Let the 

the diagon^ 




logram, and let 
ch other at 0, 



We are to prove 10 = 00, and BO == OK 
IntheAAOE&ndBOO 

AE=^BG, 

(being opposite sides of a CD \ 

Z OAE-=-Z. 0GB, 

ipHng aU.'irU, A ), 

Z OI!A-=Z OBC; 



§134 
§68 

§68 

.\AAOE = ABOC, §107 

(having a side and two adj, A of (he one equal respectively to a side and ttoo 
■ adj, A of the other), 

.\A0=^0 0, 

and BO^OE. 

(being homologous sides of equal k, ). 

Q. E. D. 



Digitized 



by Google 



64 GEOHETBY. — BOOK I. 



Proposition XLIII. Theorem. 

139. The diagonals of a rhombtis bisect each other at 

right angles. 

A E 




Let the Hgure A B C E he a rhomhus, having the 
- diagonals A € and BE bisecting each other at 0, 

We are to prove A AG E and Z. AG B rt, A. 

InthQ A AGE KXiidi AG B, 



AE = AB, 


§128 


(being sides of a rJunnhus) ; 




GE=GB, 


§138 


{the diagcmals ofaO bisect each other) ; 




AG-^AG, 


Iden. 


.'.AAGE.= AAGB, 


§108 



{having three sides of the OTie equal respectively to three sides of the other) ; 
,\ZAGE = ZAGB, 

(being homologoits A of equal A) ; 

.'.Z AGEBXi^Z AGBoxQvt. A. § 25 

( When one straight line meets another straight line so as to inaJce the adj. A 
equdlf each Z is art. Z). 

Q. E. O. 
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Proposition XLIV. Theorem. 

140. Two parallelograms y Jtaving two sides arid the in^ 
eluded angle of the one equal respectively to two sides and the 
included angle of the other, are equal in all respects, 

B CD' O 





In the paraUelograms ABC D and A' B' O D', let 
AB = A'B', AD = A' D\ £.nd Z A = Z A'. 

We are to prove tliat the UJ are equal. 

Apply O ABCDio O A'B' CD', so that ^ 2) wiU feU 
on and coincide with A' D'. 

Then il^ will fall on ii'^, 
{/(yrjLA^jL A', hy hyp,), 

and the point B will fall on B', 
{forAB = Af B\ hy hyp.). 

Now, 567 and B' O are both II to A' jy and are drawn 

through point B'-y 

.'. the lines B C and B' C coincide, § 66 

and C falls on B' C or B' C produced. 

In like manner D C and D' C are II to A' B' and are drawn 
through the point D*. 

.-. DC BoidiD' C coiAcido ; § 66 

.*. the point C falls on D' (7, or D' C produced ; 

.-. (7 faUs on both B' C and D' C ; 

.\ C must fall on a point common to both, namely, C 

.*. the two [U coincide, and are equal in all respects. 

Q. E. D. 

141. Corollary. Ttoo rectangles having the same hose and 
cUtitude are equal;' for they may be applied to each other and 
will coincide. 
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Pboposition XLV. Theobem. 

142. The straight line which connects the middle points 
of the non-parallel sides of a trapezoid is parallel to the par- 
allel sides, and is equal to half their sum, 

A F E 




C H 

Let SO be the straight line Joining the middle points 
of the non-parallel sides ot the trapezoid ABC E, 

We are to prove SO II to A E and EC) 
aha SO = }i{AE+ EC). 

Through the point draw FH II to A E, 

and produce EC to meet FO H ai H. 

In the A FO E &nd C ff 

OE=OC, Cons. 

ZOEF=ZOCff, §68 

(being alt. -int. A ), 

ZFOE^ZCOH, §49 

. (being vertical A ). 

.\AFOE = ACOff, §107 

{having a side amd Uoo adj. A of the (me equal respectively to a side and two 
adj. A of the other). 
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and OF=-OH, 

(being Jiomologaus sides of equal ^ ). 

Now FH=AB, §135 

( II lines comprehended bettoeen II lines are equaZ) ; 

.'.FO=^AS. Ax. 7. 

/. the figure AFOShsiCJ, § 136 

(having two opposite sides equaZ and parallel). 

.\SO\s II to AF, §125 

(beijig opposite sides of a JO). 



Substitute for A F and B H their equals, AE — FE and 
BC+CH, 

and add, observing that C H — F E ; 

then 2S0 = AE+ BC. 

.'.SO = i{AE+BCy . \ 

Q. E. D. \ 



p^ \^ iK> uiAKTvr II wvf .*^ vy, 

(a straight line W to one of two II /ines is W to the other also). 




Now 


(being opposite sides of a C7), 


§125 


and 


SO = BH. 


§125 


But 


AF=AE-FE, 




and 


Bff=BC+Cff, 
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On POLYGON'S IN General. 

143. Dep. a Poli/gon is a plane figure bounded by straight 
lines. 

144. Dep. The bounding lines are the sMes of the polygon, 
and their sum, asii^-f-5(7+(7A ©tc, is the Perimeter of 
the polygon. 

Thp angles which the adjacent sides make with each other 
are the angles of the polygon. 

145. Dbf. a Diagonal of a polygon is a line joining the 
vertices of two angles not adjacent. 

B B' 



Af^T: 



D Fi 



E E' 

146. Def. An Equilatei'al polygon is one which has all its 
sides equal. 

147. Dep, An Equiangular polygon is one which has all 
its angles equal. 

148. Dep. A Convex polygon is one of which no side, 
when produced, will enter the surface bounded by the perimeter. 

149. Dep. Each angle of such a polygon is called a Salient 
angle, and is less than two right angles. 

150. Dep. A Concave polygon is one of which two or more 
sides, when produced, will enter the surface bounded by the 
perimeter. 

151. Dep. The angle FBE ia called a He-entrant angle. 
When the term polygon is used, a convex polygon is meant. 
The number of sides of a polygon is evidently equal to the 

number of its angles. 

By drawing diagonals from any vertex of a polygon, the fig- 
ure may be divided into as many triangles as it has sides less two. 



^O 



V. 
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152. Dep. Two polygons are Equal, when they can he 
divided hy diagonals into the same numher of triangles, equal 
each .to each, and similarly placed; for the polygons can he 
applied to each other, and the con*esponding triangles will evi- 
dently coincide. Therefore the polygons will coincide, and be 
equal in all respects. 

153. Def. Two polygons are Mutually Equiangular, if the 
angles of the one be equal to the angles of the other, each to 
each, when taken in the same order; as the polygons ABODE F, 
and A' B' C D' E' F', in which ZA^/.A', AB = AB', 
Z.C = ^C', etc. 

154. Def. The equal angles in mutually equiangular poly- 
gons are called Homologous angles; and the sides which lie 
between equal angles are called HoinwlogouB sides. 

165. Dep. Two polygons are Mutually Equilateralyii the 
sides of the one be equal to the sides of the other, each to each, j^^^IZ^ 

when taken in the same order. ^ - (j 

.1 




Pig. a. Fig. 2. Kg. 8. Fig. 4. 

Two polygons may be mutually equiangular without being 
mutually equilateral ; as Figs. 1 and 2. 

And, except in the case of triangles, two polygons may be 
mutually equilateral without being mutually equiangular; as 
Figs. 3 and 4. 

If two polygons be mutually equilateral and equiangular, 
they are eqtial, for they may be applied the one to the other so 
as to coincide. 

156. Dep. A polygon of three sides is a Trigon or Tri- 
angle ; one of four sides is a Tetragon or Quadrilateral ; one of 
five sides is a Pentagon ; one of six sides is o. Hexagon; one of 
seven sides is a Heptagon ; one of eight sides is an Octagon ; one 
of ten sides is a Decagon; one of twelve sides is a Dodecagon. 
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Proposition XLVI. Theorem. 

157. The sum of the interior angles of a polygon is 
equal to two right angles, taken as many times less two as 
the figure has sides. 




Let the hgwre A BCDEF be a polygon having n sides. 

We are to prove 

ZA + ZB + ZC, etc., = 2rt,A{n- 2). 
From the vertex A draw the diagonals AC, AD, and A E, 

The sum of the A of the A = the sum of the angles of the 
polygon. 

Now there are {n — 2) A, 



and the sum of the A of each A = 2 rt. ^. 



§98 



.'.the sum of the A of the A, that is, the sum of the A of 
the polygon = 2 rt. ^i (?i — 2). 

Q. E. D., 

158. Corollary. The sum of the angles of a quadrilateral 
equals two right angles taken (4 — 2) tiuies, i. e. equals 4 right 
angles ; and if the angles be all equal, each angle is a right 
angle. In general, each angle of an equiangular polygon of n 

sides is equal to — ^ ^ right angles. 
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Proposition XLVII. Theorem. 

159. The exterior angles of a polygon^ made by prodttr 
cing each of iU sides in succession, are together equal to four 
right angl^. 




Let the figure ABODE be a polygon, having its sides 
produced in succession. 

We are to prove the siim of the ext, A ^= ^ rt. A. 

Denote the int. A of the polygon hy A, B,C,DfJS; 

and the ext. A by a, b, c, d, e. 



ZA + Za = 2Tt.A, 

(being sup. -adj. A ). 



§ 34 
§34 



Z5 + Z6 = 2rt. A 
In like manner each pair of adj. ^ = 2 rt. i4 ; 

.'.the sum of the interior and exterior A = 2 rt. i4 taken 

as many times as the figure has sides, 

or, 2 n rt. ^. L ^ - -- ^ - ^ 

But the interior ^ = 2 rt. ^ taken as many times "Ss the 

figure has sides less two, = 2 rt. ^ (;* — 2), 

2 ?t rt. ^ — 4 rt ^. 

Q. E. D. 



^V 
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1. Show that the interior angles of % hexagon are equal to 
eight right angles. 

2. Show that each angle of an equiangular pentagon is f of 
a right angle. 

3. How many sides ha polygon, four of 
whose angles are together < ;ht angles? ^-^ 

4. How many sides has sum of whose in- 
terior angles is equal to the * angles ? 

5. How many sides has sum of whose in- 
terior angles is double that ( es ? ~^ 

6. How many sides has the polygon the sum of whose <. 
exterior angles is double that of its interior angles % ro^l^ ^"^ 

7. Every point in the bisector of an angle is equallf^istant 
from the sides of the angle ; and every point not in the bisector, 
but within the angle, is unequally distant from the sides of the 
angle. 

8. BAC^Bdk triangle having the angle B double the angle . 
A. li B D bisect the angle B, and meet AC in D, show that 
BD \q equal to -4 i>. _ v^ 

9. If a straight line drawn parallel to the base of a triangle 
bisect one of the sides, show that it bisects the other al^o ; and 
that the portion of it intercepted between the two sides is equal 
to one half the base. . 

10. ABO J) \s SL parallelogram, ^and F the middle points 
of A D and B C respectively ; show that B E and D F will 
trisect the diagonal AC, 

11. If from any point in the base of an isosceles triangle 
parallels to the equal sides be drawn, show that a parallelogram 
is formed whose perimeter is equal to the sum of the equal 
sides of the triangle. 

12. If from the diagonal B D of a. square A BCD, BE he 
cut off equal to BC, and EF he drawn perpendicular to B D, 
show that DEia equal to EF, and also to FC. 

13. Show that the three lines drawn from the vertices of a 
triangle to the middle points of the opposite sides meet in a 
point. 
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Definitions. 

160. Dep. a Circle is a plane figure bounded by a curved 
line, all the points of which are equally distant from a point 
within called the Centre, 

161. Def. The Circumference of a circle is the line which 
bounds the circle. 

162. Dep. A Radius of a circle is any straight line drawn 
from the centre to the circumference, as -4, Fig. 1. 

163. Dep. A Diameter of a circle is any straight line pass- 
ing through the centre and having its extremities in the circum- 
ference, as A B, Fig. 2. 

By the definition of a circle, all its radii are equal. Hence, 
all its diameters are equal, since the diameter is equal to twice 
the radius. 

M M 




164. Dep. An Arc of a circle is any portion of the circum- 
ference, as A MB, Fig. 3. 

165. Dep. A Semi-circumference is an arc equal to one 
half the circumference, ss AMB, Fig. 2. 

166. Dep. A Chord of a circle is any straight line having 
its extremities in the circumference, as AB, Fig. 3. 

Every chord subtends two arcs whose sum is the cir- 
cumference. Thus the chord A B, (Fig. 3), subtends the arc 
A MB and the arc A D B. Whenever a chord and its arc are 
spoken of, the less arc is meant unless it be othen^'ise stated. 
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167. Dep. a Segment of a circle is a portion of a circle 
enclosed by an arc and its chord, 2^ A MB, Fig. 1. 

168. Dep. A Semicircle is a segment equal to one half the 
circle, SisABC, Fig. 1. 

169. Dep. A Secto?* of a circle is a portion of the circle 
enclosed by two radii and the arc which they intercept, bb AC B, 
Fig. 2. 

170. Dep. A Tangent is a straight line which touches the 
circumference but does not intersect it, however far produced. 
The point in which the tangent touches the circumference is 
called the Point of Contact, or Point of Tangency. 

171. Dep. Two Circumferences are tangent to each^other 
when they are tangent to a straight line at the same point. 

172. Def. a Secant is a straight line which intersects the 
circumference in two points, bs A D, Fig. 3. 




173. Dep. A straight line is Inscribed in a circle when its 
extremities lie in the circumference of the circle, bs A B, Fig. 1. 

An angle is inscribed in a circle when its vertex is in the 
circumference and its sides are chords of that circumference, as 
Z^^C, Fig. 1. 

A polygon is inscribed in a circle when its sides are chords 
of the circle, as A A BC, Fig. 1. 

A circle is inscribed in a polygon when the circumference 
touches the sides of the polygon but does not injbpreect them, 
as in Fig. 4. 

1 74. Dep. A polygon is Circumscribed about ^ circle when 
all the sides of the polygon are tangents to the circle, as in Fig. 4. 

A circle is circumscribed about a polygon when the circumfer- 
ence passes through all the vertices of the polygon, as in Fig. 1. 
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175. Def. Equal circles are circles which have equal radii 
For if one circle be applied to the other so that their centres 
coincide their circumferences will coincide, since all the points 
of both are at the same distance from the centre. 

176. Every diameter bisects the circle 
and its circumference. For if we fold over 
the segment X if ^ on ^ jS as an axis until 
it comes into the plane of AFB, the arc 
A MB will coincide with the arc APB; 
because every point in each is equally dis- 
tant from the centre 0. 




Proposition I. Theorem. 

177. TAe diameter of a circle is greater than any other 
chord. 

Let AB be the diameter of the circle 
A MB, and A E any other chord. 

We are to prove A B > A E. 

From C, the centre of the 0, draw CE. 
CE=CB, 

(beiTig radii of the same circle). 

But AC+ CE>AE, §96 

{thesumof ttoo sides of a A> the third side). 

Substitute for C E, in the above inequality, its equal CB. 
Then AC-\-CB>AE,ot 

AB>AE. 

Q. E. D. 
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Proposition IL Theorem. 

178.-4 straight line cannot intersect the circumference 
of a circle in more than two points. 

M 




Let HK be any line cutting the circumference A MP. 

We are to prove that HK can intersect the circtimference 
in only two points. 

If it be possible, let HK intersect the circumference in tbrqe 
points, Hy P, and K. 

From 0, the centre of tbe O, draw the radii OH, O^iPy 
andOJT. #' 



Then H, Py and JTare equal, 

(being radii of the same circle). 



B63 



.*. if HK could intersect the circumference in three Joints, 
we should have three equal straight lines Hy OP, and K 
drawn from the same point to a given straight line, %Mch is 



impossible. 



'[W 



§58 



(only two equal straight lines can be draijcnfrom a point to a straight line). 

.'.a straight line can intersect the circumference in only 
two points. 

Q. E. D. 
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Proposition III. Theorem. 



^ 



179. In the same circle , or eqtuil circles, equW^ngles 
at the centre intercept equal arcs on the circwimferencef 





P JPf 

In the equal circles ABPAnd A'B'F' let /.0=^/.0'. 

We are to prove arc R S =yarc R' S', 

Apply O A^ to O A'B'Py 

so that Z shall coincide with Z 0*, 

The point R will fall upon R'y § 176 

{for 0R= (y Rfj being radii of eqttal (D), 

and the point S will fall upon S', § 176 

(for 0S= 0' S^, being radii of equal (D). 

Then the a.rc RS must coincide with the arc R^S'. 
For, otherwise, there would be some points in the circumference 
unequally distant from the centre, which is contrary to the 
definition of a circle. § 160 

Q. E. o. 
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Proposition IV. Theorem. 

180. Conversely : In the same circle, or equal circles, 
equal arcs subtend equal angles at the centre. 





In the equal circles ABP and A' B' F let arc RS 
= aTcR'S\ 

Wearetoprove Z EOS = Z BO'S'. 

Apply O ABP to O A' BT, 

so that the radius R shall fall upon 0' R'. 

Then S, the extremity of are RS^ 

will fall upon S', the extremity of arc R' S'y 
{for RS = WS', hyhyp.), 

.-. S wHl coincide with 0' S', §' 18 

(their extremities being the same points). 

/. Z RO S will coincide with, and be equal to, Z R' 0' S*, 

Q. E. D. 
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Proposition V. Theorem. 

181. In the same circle ^ or equal circles, equal arcs are 
subtended by equal chords. 





In the equal circles ABP and A' B' F let arc RS 
= arc RS', 

We are to prove chord It S =^ chord R' S', 

Draw the radii R, S, 0' R', and 0' S', 

In the AROSslh^ R' 0' S' 



0R= (yR', 

{Jking radii of equal ©), 

OS=-0'S', 
(eqitcU arcs in eqxml ® subtend equal A at the centre). 



§176 

§176 
§ 180 

§106 



.\AROS = AR'0'S', 

(two sides and the in^cluded Z of the one bein>g equal respectively to two sides 

and the included A of the- other), 

.-. chord /? aS' = chord R' S', 
(being homologous sides of equal A ). 

Q. E. D. 
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Proposition VI. Theorem. 



182. Conversely : In the same circle, or equal circles, 
equal chords subtend equal arcs. 





In the equal circles ABP and A' B' P, let chord RS 
= chord R'S', 



We are to prove arc R S = arc R' S', 

Draw the radii R, S, 0' R', and 0" S', 
Inthe A ROS and R'O'S' 

RS = R'S% 

OR = 0'R\ 

{beiiig radii of equal ®), 




Hyp. 
§ 176 

§176 
§108 



.\AROS = AR'0'S', 
(three sides of (he one being equal to three sides of the other). 

(being homologous A of equal A). \ 

.\ SiTc RS== arc RfS', § 1^9 

(in the same O, or equal ®, equal A at the centre intercept eqtud ares on the 

circumference), 

Q. E. D. - 
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♦ Proposition VII. Theorem. 

183. The radius perpendicutaf^ to a chord bisects the 
chord and the arc subtended by it. 




Let AB be the chord, and let the radius OS be per- 
pendicular to A B at the point M, 

We are to prove AM= BM, and arc A S ^ arc B S. 

Brsiw CA and C B, 

CA = CB, 

{being radii of the same O) ; 

.\ A AC B is isosceles, § 84 

{the opposite sides being equal) ; 

.-. ± C7^ bisects the base A B and the Z C, § 113 
{the X drawn from, the vertex to the base of an isosceles A bisects the base and 
thecal the vertex). 

.\AM=BM. 

Also, sinceZ^(7^ = Z^(7/y, 

arc ^ 6^ = arc aS'^, §179 

(eqtuU A at the centre intercept equal arcs on the circumference). 

Q. E. O. 

184. Corollary. The perpendicular erected at the middle 
of a chord passes through the centre of the circle, and bisects 
the arc of the chord. 
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Proposition VIIL Theorem. 

185. In the same circle, or equal circles, equal chords 
are equallif distant from the centre ; and of two unequal 
chords the less is at the greater distance from the centre. 



^^ — ^P 
E 

In the circle ABEC let the chord A B equal the chord 
C F, and the chord CE be less than the chord C F. 
Let OP, OH, and OK be Js drawn to these chords 
from the centre 0, 

Wearetoprove OF=OI£, and H < OK. 

JoinO^ andOC7. 

In the Tt.AAOFsLndCOH 

OA=OC, 
(being radii of the same 0) ; 

AF==Cff, §183 

{being halves of equal chords) ; 

.\AAOF-=ACOH, §109 

(iioo rt. £L are equal if they have a side and hypotenuse of the one equal to 
a side and hypotenuse of the other). 

.\OF=OH, 

(being hoirwlogous sides of equal A). 

Again, since C E < C F, 

the 1. OK will intersect C F in some point, as m. 

Now OK>Om. Ax. 8 

But Om>OH, §52 

(a A.isihe shortest distance from a point to a straight line), 

.'. much more is K> OH. 

Q. E. D. 
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Proposition IX. Theorem. 

186. A straight line perpendicular to a radius at its 
extremity is a tangent to the circle. 





Let BA be the radius, and MO the straight line 
perpendicular to BA at A, 

We are to prove MO tangent to the circle. 

From B draw any other line to MO, ^ BO H, 

BH>BA, §52 

(a ± measures the shortest distance from a point to a straight line), 

,', point H is without the circumference. 

But BH 18 any other line than B A, 

.*. etferg point of the line MO is without the circumference, 
except A. 

.'. MO is B. tangent to the circle at A, § 171 

Q. E. o. 

187. Corollary. "When a straight line is tangent to a 
circle, it is perpendicular to the radius drawn to the point of 
contact, and therefore a perpendicular to a tangent at the point 
of contact passes through the centre of the circle. 
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Proposition X. Theorem. 

188. When two circumferences intersect each other , the 
line which joins their centres is perpendicular to their common 
chord at its middle point. 




Let C and C he the centres oi\^o circumferences 
which intersect each other at A and B, and let 
the line C C intersect their common chord A B, 

We are to prove C C A. to A B at its middle point 

A ± drawn through the middle of the chord A B passes 
through tlie centres C and C\ § 184 

(a 1. erected at the middle of a chord passes through the centre of the O). 

.*. the line C C\ having two points in common with this ±, 
must coincide with it 

.*. (7 C is J- to ii ^ at its middle point. 

Q. E. o. 



Ex. 1. Show that, of all straight lines drawn from a point 
without a circle to the circumference, the least is that which, 
when produced, passes through the centre. 

Ex. 2. Show that, of all straight lines drawn from a point 
within or without a circle to the circumference, the greatest is 
that which meets the circumference after passing through the 
centre. / 
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Proposition XI. Theorem. 

189. Whefi two circumferences are tangent to each other 
their point of contact is in the straight line joining their 
centres. 




Let the two ciTcvLmfejUfnces, whose centres are C and 
O, touch each qzher at 0, in the straight line A B, 
and let OC he the straight line Joining their cen- 
tres. 

We are to prove is in the straight line C C, 

Al^to AB, drawn through the point 0, passes through the 
centres (7 and (7', §187 

{a Xto a tangent at the point of contact passes through the centre of the O). 

.*. the line C (7, having two points in common with this -L, 
must coincide with it. 



is in the straight line C C. 



Q. E. D. 



V. ( 




Ex. AB, & chord of a circle, is the base of an isosceles 
triangle whose vertex C is without the circle, and whose equal 
sides meet the circle in D and E. Show that C £> is equal 
to dK 
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On Measurement. 

190. Dep. To measure a quantity of any kind is to find 
how numy times it contains another known quantity of the sam>e 
kiiid^ Thus, to measure a line is to find how many times it con- 
tains another known line, called the linear unit, 

191. Dep. The number which expresses how many times 
a quantity contains the unit, prefixed to the name of the unit, 
is called the numerical measure of that quantity ; as 5 yards, etc. 

192. Dep. Two quantities are commensurable if there be 
some third quantity of the same kind which is contained an 
exact number of times in each. This third quantity is called 
the common measure of these quantities, and each of the given 
quantities is called a multiple of this common measure. 

193. Dep. Two quantities are incommensurable if the; 
have no common measure. 

194. Dep. The magnitude of a quantity is always relative 
to the magnitude of another quantity of the same kind. No 
quantity is great or small except by comparison. This relative 
magnitude is called their Ratio, and this ratio is always an aJh 
stract number. 

When two quantities of the same kind are measured by the 
same unit, their ratio is the ratio of their numerical measures. 

195. The ratio of a to 6 is written -, or a :6, anc^by this 
is meant : "^ ^ S-^ ^ 

How many times b is^^Jontained in a; / a-/ 6 

or, what part a is of 6. . / / J ^ ^^ 

T. If 6 be contained an exact number^ tiiH6s in a their 
ratio is a whole number. 

If 6 be not contained an exact number of times in a, but 
if there be a common measure which is contained m times in a 

and n times in 6, their ratio is th^fractic^ "i^ ^ u- 

'v nz^^s^ *^ 

II. If a and 6 be incommensurable} tMr ratio cannot be 7^ 

exactly expressed in figures. But if b be divided into n equal 

parts, and one of these parts be contained m times in a with 

a remainder less than ■j^B.Tt of 6, then — is an approximate 



.a .1 

value of the ratio - , correct within - . 
6 n 
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equal parts ; that is, if 6 be divided into v? equal parts, and if 

one of these parts be contained m' times in a with a remainder 

1 wi' . 

less than — part of 6, then — ^ is a nearer approximate value 

1 

of the ratio - , correct within —^ . 
h rr 

By continuing this process, a series of variable values, 

— » — ? > -^ > etc., will be obtained, which will differ less and 
n nr 7r ^ 

less from the exact value of - . We may thus find a fraction 



which shall differ from this exact value by as little as we please, 
that is, by less than any assigned quantity. 

Hence, an incommensurable ratio is the limit toward which . 
its successive approximate values are constantly tending. 

THE Theory of Limits. 




19&.-f)EP. "Wh^ a quantity is regarded as having only 
one or few definite vah^es, it is called a Constant ; but, when 
it is regarded, under the\^onditions imposed upon it, as having 
an indefinite number of di;ff^ent values, it is called a Variable. 

197. Def. When it can be shown that the value of a vari- 
able, measured at a series of definite intervals, can by indefinite 
continuation of the series be brought to differ from a given con- 
stant by less than any assigned quantity, without ever exceed- 
ing the constant, that constant is called the Limit of the vari- 
able, and the variable is said to approach indefinitely to its limit. 

If the variable be increasing, its limit ia called a1«2*/)ej>(^r 
limit ; if decreasing; an m/mor limit. ^y^\ x^ / // 

198. S^nppngP. it pniTif. ^ 7^^ J^ J V 

to move from A toward J5, under the conditions that the first sec- 
ond it shall move one-half the distance from A to By that is, 
to M\ the next second, one-half the remaining distance, that is, 
to M' ; the next second, one-half the remaining distance, that 
is, to if", and so on indefinitely. 

Then it is evident that the moving point may approach as 
near to B as we please, but udll never arrive at B, For, however 
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neitr it may be to -5 at any instant, the next second it will pass 
over one-half the interval still remaining ; it must, therefore, 
approach nearer to B^ since hcdf the interval still remaining is 
<o^ir€jistance, but will not reach B, since half the interval still 
ing is not the whole distance. 

lence, the distance from A to the moving poiST8=«^ in- 
creasing variable, which indefinitely approaches the constant A B 
as its limit; and the distance from the moving point to ^ is a 
decreasing variable, which indefinitely approaches tjie constant 
zero as its limit. 

If the length of ii 5 be two inches, and the variable be 
denoted by x, and the difference between the variable and its 
\ limit, by V : ' 

y after one second, a? = 1, i'= 1 

V after two seconds, a:=l + J, v = ^; 

\^ after three seconds, a;=14-J + J, ^^ii 

after four seconds, x= l + J + i + i, v = ^; 
and so on indefinitely. 
Now the sum of the series 1 + J + i + i etc., is evidently 
less than 2 ; but by taking a great number of terms, the sum 
can be made to differ from 2 by as little as we please. Hence 
2 is the limit of the sum of the series, when the number of the 
terms is increased indefinitely ; and is the limit of the variable 
difference between this variable sum and 2. 

lim, will be used as an abbreviation for limit. 

199. [1] The diffe^^ence bettoee^ a variable and its limit is 
variable whose limit is zero. 

[2] If two or more variables, % t/, t/', etc., have zero for 
limit, their sum, t; + «/ + i/', etc, will have zero for a limit, 

[3] If the limit of a variable, v, be zero, the limit of a^ 
will be tlie constant a, and the limit of aX v will be zero. 

[4] The product of a constant and a variable is also a va- 
riable, and tlie limit of the product of a constant and a variable 
is the product of the constant and the limit of the variable. 

[5] The »um or product of two variables, both of which are 
either increasing or decreasing, is also a variable. . 



\ 



>x 
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Proposition I. 
[6] If two variables be always equal, their limits are eqiuil. 

Let the two variables A M and 
AN be always equal, and let A C 
and AB be their respective limits. 

We are to prove AC = AB, 

Suppose AOAB, Then we may 
diminish AC io some value/-4 C' such 
ih^i A C == A B. 

Since A M approaches indefinitely to 
A Cy we may suppose that it has reached 
a value A P greater than A C, 

Let ii Q he the corresponding value oi AN. 

Then AP=^AQ. 

Now AC'-=AB, 

But both of these equations cannot he true, for -4 P > -4 C, 
and A Q<AB, .'.AC cannot be greater than A B. 

Again, suppose AC<AB. Then we may diminish A B io 
some value A B' such that AC = AB', 

Since A N approaches indefinitely to -4 5 we may suppose 
that it has reached a value A Q greater than A B'. 

Let ^ P be the corresponding value of A M. 

Then AP^AQ. 

Now AG=-AB'. 

But both of these equations cannot be true, ior APKAC^ 
and AQ> AB', .'.AC cannot be less than A B. 

Since A O cannot be greater or less than A B, it must be 
equal to ^ ^. «• E. d. 

[7] Corollary 1. If two va^nables be in a constant ratio, 
their limits are in the same ratio. For, let x and y be two variables 

X 

having the constant ratio r, then - = r, or, x^=r y, therefore 

y 

Itm ( Xi 
Urn. (x) = lim. (r v) = rX Urn. (y), therefore ,. , \ = r. 
^ ' ^ ^ ' lim. (y) 

[8] CoR. 2. Since an incommensurable ratio is the limit of 

its successive approximate values, two incommensurable ratios ^ 

a' 
and — are equal if they always Iiave the same approximate values 

when expressed within tlie same measure of precision. 
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Proposition II. 



[9] The limit of the algebraic sum of two or m/ore variables 
is the cUgebraic sum of their limits. 

Let Xy y, Zy be variables, a, 6, and c, ^ ^ ^ 

their respective limits, and v, t/, and v", 

the variable differences between x, y, z, b k~4 

and a, b, c, respectively. 

We are to prove lim, (x + y +2) =a+ 6+ c, c 4~^ 

Now, a? = o — Vy y = b — t/, :? = c — 1/'. 
Then, x + y + z = a — v+ b — v' + c — v". 

/. lim.(x+y+z)=lim,{a—v+b—v'+c—v"), [6] 

But, lim,{a — v+b'"i/ + c — v") = a + b+c, [3] 

.'. lim. {x + y + z) = a + b + c, 

Q. E. D. 

Proposition III. 

[10] The limit of the product of two or more variables is the 
proditct of their limits. 

Let Xy y, Zy be variables, a, b, c, their respective 
limits, and Vy t/, t/', the variable differences between 
Xy y, Zy and ay by c, respectively. 

We are to prove lim, (xyz) = abc. 

Now, x^a — Vy y = b-'v'y z = c'-v'\ 

Multiply these equations together. 

Then, xyz = abc^ terms which contain one or more of 
the fectors V, v'y «/', and hence have zero for a limit. [3] 

.'. lim. (xyz) = lim, (a 6 c ^ terms whose limits are zero). [6 J 
But lim. (abc^^ terms whose limits are zero) = abc. 
.'. lim, (x y z) = a b c. 

Q.E.D. 

For decreasing variables the proofs are similar. 



Note. — In the application of the principles of limits, refer- 
ence to this section (§ 199) will always include the fundamental 
truth of limits contained in Proposition I. ; and it will he left as 
an exercise for the student to determine in each case what other 
truths of this section, if any, are included in the reference. 
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Proposition XII. Theorem. 

200. Jm the same circle, or equal circles, two comtnen- 
durable arcs ka&€ the same ratio as the angles which they 
subtend at the centre. 



rt 




In the circle A PC let the two arcs be AB and A C, 
and AOB and AOC the A which they subtend. 



We are to prove 



AB ZAOB 



arc ^ C ZAOC 



Let iZiTbe a common measure oi AB and A C. 
Suppose HK to he contained ia AB three times, 
and in AC five times. 



Then 



arc -4.5 



3 
6' 



SLTC AC 

At the several points of division on A B and A C draw radii. 

These radii will divide ZAOC into five equal parts, of 

which ZAOB will contain three, § 180 

(in the same O, or equal ®, equal arcs subtend eqiud A at the centre). 

ZAOB 3 



But 



• ZAOC 5 




ATcAB 3 




a.rc AC 5 




arcii^ ZAOB 
arc AC Z AOC' 


Ax. 1 

Q. E. D. 
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Proposition XIII. Theorem. 

201. In the same circle, or in equal circles, incom- 
mensurable arcs have the same ratio as the angles which 
they subtend at the centre, 

P' P 





In the two equal ® ABP and A'B'P' lei: AB and A' B 
be two incommensuiable arcs, and C\ O the A which 
they subtend at the centre. 

We are to prove = _ — . 

arc ^ /? /.G 

Let A B \iQ divided into any number x)f equal parts, and 
let one of these parts be applied to -4' -5' as often as it will be 
contained in A'B'. 

Since AB and A^ B' are incommensurable, a certain num- 
ber of these parts will extend from A' to some point, as D, 
leaving a remainder D B' less than one of these parts. 
DrawC'D. 
Since A B and A^D are commensurable, 

^^A'B_ AA^G'D ^ "2Q0 

arcil^ AACB' ^. ^ ^ 

{pu30 commenmrdble arcs have the same ratio astTie A which they.8ubtend at 

the centre). 

Now suppose the number of parts into which AB is divided 
to be continually increased ; then the length of each part will 
become less and less, and the point B will approach nearer and 
nearer to -B', that is, the arc A' D will abroach the arc A' B' as 
its limit, and th^ A A' C B the Z A' C B' as its limit. 



^. 
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Then the limit of ?£e^l^ wiU be ^'"^ '^' ^' , 
sue AB arc ^ i/ 

and the limit of ^ J^L9lJ^_ will be ^/l^'. 
AACB AACB 

Moreover, the corresponding values of the two variables, 
namely, 

^^^'J^ and ^-i^^, 
arc^^ AAGB 

are equal, however near these variables approach their limits. 

.-. their limits ^^ ^ ^ and ^ ^' ^' are equal § 199 
arc^ ^ Z AC B ^ ^ 

Q. E. O. 




202. Scholium. ^^i^MffJif^rfFifie"centre is said to he meas- 
ured by its intercepted arc. This expression means that an angle 
at the centre is such part of the angular magnitude about that 
point (four right angles) as its intercepted arc is of the whole 
circumference. 

A circumference is divided into 360 equal arcs, and each 
arc is called a degree, denoted by the symbol (®). 

The angle at the centre which one of these equal arcs sub- 
tends is also called a degree. 

A quadrant (one-fourth a circumference) contains there- 
fore 90®; and a right angle, subtended by a quadrant, con- 
tains 90**. 

Hence an angle of 30° is J of a right angle, an -angle of 45° 
is J of a right angle, an angle of 1 35° is | of a right angle. 

Thus we get a definite idea of an angle if we know the 
number of degrees it contains. 

A degree is subdivided into sixty equal parts called min- 
utes, denoted by the symbol ('). 

A minute is subdivided into sixty equal parts called seer 
onds, denoted by the symbol ("). 
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Proposition XIV. Theorem. 

208. An inscribed angle w measured by one-half of the 
arc intercepted between its sides, 

B B B 




Figr-4 

Case L 

In the circle PAB {Fig, 1), let the centre C he iapne^ 
of the sides of the inscrihed angle B. 



re FA. 




We are to jyrofve Z. B is measured by ^ arc PA 

Draw CA, 

CA = CB, 

(bei^ig radii of the same G). 

.\ZB = ZA, -"^ § 112 

{))eing opposite equal sides). 

ZPCA-=ZB-¥ZA. §105 

(the exterior ^of a t^is eqiud to the sum of the t%oo opposite interior A). 

Substitute in the above equality Z B for its equal Z A. 

Then we have ZPCA = 2ZB. 

But Z PC A is measured hj A P, § 202 

{the Z. al the centre is measured by the intercepted are). 

.'. 2 Z B is measured by A P. 

.'. Z B 18 measured hy ^ A P. 
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Case IL 

In the circle BAE (Fig. 2), let the centre C fall 
within the angle EBA. 

We are to prove /. E BA is meatiired by \ arc E A, 

Draw the diameter BC P. 

Z PJ5i4 is measured by ^ arc Pi4, (Case I.) 

Z FBEis measured by ^ arc F E, (Case L) 

.'.Z PBA'+ Z PjBJgris measured by ^ (arc P^ + a,To PE). 

.'. Z E BA ia measured by J arc EA, 



Case III. 



A 



In the circle BFP {Fig. 3), let the centre C tall with- 
out the angle A B F. 

We are to prove Z ABF is measured by \ are A F. 

Draw the diameter BC P. 

Z PBFia measured by | arc P F, (Case I.) 

Z PBA is measured by | arc PA, (Case I.) 

.-. Z PBF—Z PBA is measured by \ (arc PF—9xqPA). 

.'. Z AB F 18 measured by i arc -4 F. 

Q. E. D. 

204. Corollary 1. An angle inscribed in a semicircle is 
a right angle, for it is measured bjN^on^alf a semi-circumfer^ 
ence, or by 90°. LJfTi 

205. Cor. 2. An angle inscribefl^ra segment greater than 
a semicircle is an acute angle ; for it is measured by an arc less 
than one-half a semi-circumference ; i. e. by an arc less than 90°. 

206. Cor. 3. An angle inscribed in a segment less than a 
seihicircle is an obtuse angle, for it is measured by an arc greater 
than one-half a semi-circumference ; i. e. by an arc greater 
than 90°. 

207. Cor. 4. All angles inscribed in the same segment are 
equal, for they are measured by one-half the same arc. 
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Proposition XV. Theorem. 

208. An angle formed hy two chords, and whose vertex 
lies between the centre and the circnmferencey is measured hy 
one-half the intercepted drc plus one-half the arc intercepted 
hy its sides produced. 




Let the Z. AOC he formed by the chords A B and CD. 
We are to prove 

A AOG is measured hy \ arc AC ^r \ arc B D. 
Draw AD. 

ZCOA=ZD + ZA, §105 

{the exterior Zofa Ais equal to tJie sum of the two opposite interior A ). 

But Z D is measured by J arc -4 (7, § 203 

{an inscribed Z. is measured hy \ the intercepted arc) ; 

and Z A IS measured by J arc J5 />, § 203 

.\ZCOA\s measured by J arc ^ C + | arc ^2). 

Q. E. D. 



Ex. Show that the least chord that can be drawn 
a given point in a circle is perpendicular to the diamej 
through the point. 




--4 

Digitized by VjOOQ IC 



MBASUBEMEXT OF ANGLES. 



97 



Proposition XVI. Theorem. 

209. An angle formed by a tangent and a chord w 
measured by one-half the intercepted arc. 




Let RAM be the angle formed hy the tangent OM 
and chord AH, 

We are to prove 

A HA M is measured hy J arc A EH. 

Draw the diameter AC F. 

ZFAMiaeirt,Z, §186 

{t?ie radius draum to a tangent at the point of contact is ± to it). 

Z FAM, being a rt. Z, is measured by | the semi-circum- 
fereuce A EF. 

A FAH\& measured by J arc FH, § 203 

(an inscribed Z is measured hy\the ijUercepted arc) ; 

/. Z FA M—ZFAHis measured by | (arc AEF—arc HF), 
,\ Z HA if is measured by J arc A EH 

Q. E. D. 
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Proposition XVII. Theorem. 

210. An angle formed by two secanU, two tangents, or 
a tangent and a secant, and which Ivas its vertex without the 
circumference, is measured by one-half the concave arc, minus 
onc'half the convex arc. 





M 

Fig. 2. 

Case I. 

^ > (Fig.l) he formed by the two secants 

OA and OB. _ 

r We are to prove ^ \^ 

Z is measured by \ Ktc A B — \ 9XQ E C. 
Draw CB. 

AACB = AO'V AB, § 105 

{fh& exterior Z.ofa t^is equal to the mm of the two opposite interior d ). 

By transposing, 

AO^ZACB-AB, 

But A ACBh measured hyl^TQAB, § 203 

(an inscribed Z. is ineasured by i the hUercepted arc), 

and Z ^ is measured by J arc (7 jF, § 203 

i'.'Z is measured by J arc ^ ^ — J arc C E. 
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CAsis II. 
Let the angle (Fiff. 2) b^ formed by the two tan- 
gents OA and OB, 

We are to prov^ 

Z is measured by ^ sac A MB — ^ arc -4 SB. 
Draw A B, 

ZABC = ZO + ZOAB, §106 

{thei. exterior ZofaAis equal to the sum of the two opposite interior A ). 

By transposing, 

ZO=-ZABC-ZOAB. 

But Z^ ^ (7 is measured by i arc ^ if ^, §209 

{an A formed by a tangent and a chord is m,easured by i the intercepted arc), 

and Z GAB is measured by ^ arc A SB. § 209 

.'. Z is measured by J arc ^ MB — J arc -4 SB. 

Case III. 

Let the angle (Fig, 3) be formed by the tangent 
OB and the secant OA. 

We are to prove 

Z is measured 6yJarc-4Z>*S— Jarc CE 8. 
Draw OS. 

. ZACS^ZO^ ZCSO, §105 

(the exterior Z of a A is equal to the sum of the two opposite interior A). 

By transposing, 

ZO=^ZACS-ZCSO. 

But Z ACS\& measured by \^rcADSy § 203 

{being an inscribed Z), 

and Z C'^'O is measured by | arc C E S, § 209 

{Jbeing an Z. formed by a tangent and a chord). 

.'. Z is measured byJarc^D/S'— Jarc CES. 

Q. E. D. 
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SUFPLEMENTABY PbOPOSITIONS. 

Proposition XVIII. Theorem. 

211. Two ^parallel lines intercept upon the circuM' 
ference equal arc8, 

A 




Fig. 1 



Let the two parallel lines CA and B F {Fig. t), inter- 
cept the arcs C B and A F. 

We are to prove arc C B = arc A F. 

Draw A B. 

ZA-=ZB, § 68 

(being alt. -int. A). 
But the arc CB is double the measure of Z A, 
and the arc -4 -^ is double the measure of Z B. 

.-.arc C B = a,TcAF. Ax. 6. 

Q. E. D. 

212. Scholium. Since two parallel lines intercept on the 
circumference equal arcs, the two parallel tangents Jf iV and 
P (Fig. 2) divide the circumference in two semi-circumferences 
AC B and AQB, and the line A B joining the points of contact 
of the two tangents is a diameter of the circle 
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Proposition XIX. THEOREilr", :„.::' i :'''i 

213. If the sum of two arcs be less than a circum- 
ference the greater arc is subtended bj/ the greater chord; 
and conversely, the greater chord subtends the greater arc. 

B 




P 
In the circle A OF let the two arcs A B and BG to- 
gether be less than the circumference, and let 
AB be the greater. 

We are to prove chord A B > chord B C, 

Draw A G. 

In the AABG 

/. Cy measured by | the greater arc AB, § 203 

is greater than Z A, measured by \ the less arc B G, 

.'. the side ^ 5 > the side BG, § 117 

(m a AtJie grecUer A has the greater side opposite to it). 

Conversely : If the chord -4 j5 be greater than the 

chordae. 

We are to prove arc AB > arc B C, 

In the A ABC, 

AB>BC, Hyp. 

.\ZG>A, §118 

{in a A the greater side has the greater Z opposite to if). 

,\ arc A By double the measure of the greater Z G,ia greater 
than the arc B G, double the measure of the less Z A, 

Q. E. D. 
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.•PiwcosiTioN XX. Theobbm. 



214. If the sum of two arcs be greater tlcan a circum- 
ference y the greater arc is subtended bt/ the less chord; and, 
conversely, the less chord subtends the greater arc, 

B 




E 

In the circle BOB let the arcs AH OB and BAEG 
together be greater than the circumference, and 
let arc A EC B be greater than arc BA EC, 

We art to prove chord AB < cliord B C. 

From the given arcs take the common arc AEC; 

we have left two arcs, CB and A B, less than a circumference, 

of which CB ia the greater. 

.-. chord CB> chord A B, § 213 

(wTien the sum of two arcs is less than a circumference^ the greater arc is 
subtended by the greater chord), 

.*. the chord A B, which subtends the greater sltc AECBy 
is less than the chord B C, which subtends the less arc BA EC. 

Conversely : If the chord ABhe less than chord B C, 

We are to prove arc AEC B> arc BAEC^ 

Arc AB-hsLTcAECB^ the circumference. 

Arc BC -^ 8LTC BA EC= the circumference, 
.-.arc ^^4- arc^J^(7 5 = arc j5(7 + sltcBAJSC 

But arc ^ j5 < arc i? C, § 213 

{being subtended by the less chord). 



,a,TcAECB>eiTc BAEC. 



a.£. D- 
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On Constructions. 

Proposition XXI. Problem. 

215. To find a point in a plane ^ having given its dis- 
tances from two known points. 



Let A and B be the two known points; n the dis- 
tance of the required point from Ay o its distance 
from B. 

It is required to find a point at the given distances from A 
and B, 

From il as a centre, with a radius equal to n, describe an arc. 

From J? as a centre, with a radius equal to o, describe an arc 
intersecting the former arc at C 

C is the required point. 

Q. E. F. 



216. Corollary 1. By continuing these arcs, another point 
below the points A and B will be found, which will fulfil the 
conditions. 

217. Cor. 2. When the sum of the given distances is equal 
to the distance between the two given points, then the two arcs 
described will be tangent to each other, and the point of tan- 
gency will be the point required. 
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y 






Let the distance from ^ to ^ equal n + o. 

From ^ as a centre, with a 
radius equal to n, describe an arc ; A- 

and from 5 as a centre, with 
a radius equal to o, describe an ^ 

arc. 

These arcs will touch each ~ 

other at C, and will not intersect. 

.'. (7 is the only point which can be found. 

218. Scholium 1. The problem is impossible when the 
distance between the two known points is greater than the sum 
of the distances of the required point from the two given points. 

Let the distance from A to B be greater than n + o. 



\ 


f 




\ 
\ 


n 







Then from -4 as a centre, 
with a radius equal to n, de- 
scribe an arc; 

andfrom j5as acentre, witha 
radius equal to o, describe an arc. 

These arcs will neither touch 



nor intersect each other ; 

hence they can have no point in common. 

219. ScHO. 2. The problem is impossible when the iiistance 
between the two given points is less than the difference of the 
distances of the required point ivom. the two given points. 

Let the distance from AtoBhQ less than n — o. 

From -4 as a centre, with a radius ^^ '""-v^ 

equal to n, describe a circle ; 

and from -ff as a centre, with a 
radius equal to o, describe a circle. 

The circle described from ^ as a 
centre will fall wholly within the circle 
described from ^ as a centre ; o 

hence they can have no point in 
common. 



/ 



/ 
/ 
/ 
I 
\ 
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Proposition XXII. Problem. 

220. To bisect a given straight line, 
C 



-^B 



Let AB he the given straight line. 
It is required to bisect the line A B. 

From A and B as centres, with equal radii, describe arcs 
intersecting at C and E, 

Join CK 
Then the line G£ bisects A B. 
For, Cand-^, being two points at equal distances from the 
extremities A and B, determine the position of a JL to the mid- 
dle pomt of il A §60 

Q.E.F. 

Proposition XXIII. Problem. 

221. At a given point in a straight line, to erect a 
perpendicular to that line. r 



HO" 
Let be the given point in the straight line A B. 
It is required to erect a jL to the line A B at the point 0, 

TakeOH=OB. 
From B and H as centres, with equal radii, describe two 
arcs intersecting at B, 

Tlien the line joining R is the JL required. 
For, and B are two points at equal distances from B and ff, and 
.*. determine the position of a X to the line HB at its 
middle point 0. § 60 

Q. E. F. 
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Proposition XXIV. Problem. 

222. From a point without a straight line, to letfaU a 
perpendicular upon that line. 

C 






Let AB be a given straight line, and C a given point 
withont the line. 

It 18 required to let fall a 1. to the line A B from ike point C. 

From (7 as a centre, with a radius sufficiently great, 

describe an arc cutting ^ ^ at the points H and K, 

From H and K as centres,* with equal radii, 

describe two arcs intersecting at 0. 

Draw CO, 

and produce it to meet AB 9,im, 

C m\% the J_ required. 

For, C and 0, being two points at equal dist-ances from It 
and K, determine the position of a X to the line H K at its 
middle point. § 60 

Q. E. F. 
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Proposition XXV. Pro^bm. 

228. To construct an arc equal to a given arc whose 
centre is a given point. 

F 





Let C be the centre of the given arc A B. 

It is required to construct an arc equal to arc A B, 

BmwCB, CA.sjidAB. 

From C" as a centre, with a radius equal to CB, 

describe an indefinite arc j5' F. 

From ^' as a centre, with a radius equal to chord A By 

describe an arc intersecting the indefinite arc at A\ 

Then arc ^' i?' = arc ^ A 

draw chord A^ B\ 



For, 



and 



The (D are equal, 
{being described witJi equal radii), 

chord A'B' = chord AB; 

.'. arc A^ B^ = ATc A B, 
(in equal ® equal cJiords subtend equal arcs). 



Cons. 
§ 182 



Q. E F. 
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Proposition XXVI. Problem. 

224. At a given point in a given straight line to con^ 
Mruct an angle equal to a given angle, 

F 




Let C be the given p 
G the given angl 



C'R', and 



It w required to condrMct an Z at C equal to thk A C. 

From C as a C(E ntre, with any radius as C B, 

describe *the arc ^ A terminating in the sides of the Z. 

Draw chord A B, 

From C" as a centre, with a radius equal to C B, 

describe the indefinite arc B' F, 

From 5' as a centre, with a radius equal to A B, 

describe an arc intersecting the indefinite arc at A', 



For^ 



Draw A' C. 

Then Z C" = Z C. 

join^'j5'. 



The © to which belong arcs A B and A' B' are equal, 
(freMwjr described, with equal radii), 

and chord A' B' = chord A B ; Cons. 

.-. arc^'^' = arc^j5, § 182 

{in equal (D equal chm-ds subtend equal arcs), 

.•.ZC' = ZC, §180 

(in equal (D eqtuil arcs subtend equal A at the centre). 

Q. E. F- 
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Proposition XXVIL Problem. 
225. To bisect a given arc. 



Let A OB be the given arc. 

It is required to bisect the arc A OB. j 

Draw the chord A B. 

From A and B as centres, with equal radii, 

describe arcs intersecting at E and C. 

E G bisects the arc A OB. 

For, B and C, being two points at equal dist-ances from 
A and By determine the position of the ± erected at the middle 
of chord AB) § 60 

and a J. erected at the middle of a chord passes through 
the centre of the O, and bisects the arc of the chord. § 184 

Q. E. F. 
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Proposition XXVIII. Problem. 
226. To bisect a given angle. 




/ J Let AEB be the given angle. 

It is required to bisect Z A MB. 

From ^ as a centre, with any radius, as E A^ 

describe the arc A OB, terminating in the sides of the Z. 

Draw the chord A B, 

From A and B as centres, with equal radii, 

describe two arcs intersecting at C. 

Join-^C. 

. j^ (? bisects the Z E. 

For, E and C, being two points at equal distances from A and 
B, determine the position of the JL erected at the middle of 
AB. §60 

And the JL erected at the middle of a chord passes through 
the centre of the O, and bisects the arc of the chord. § 184 

.*. arc -i O = arc -5, 

.\ZAEC = ZBEC, §180 

(t7i the saine circle equal arcs subtend equal A at the centre), 

Q. E. F. 
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Proposition XXIX. Problem. 

227. Through a given point to draw a straight line 
parallel to a given straight line. 



Let 




e the given line, and H the given point. 




It is required to draw through tlie point H a line II to t/ie 
line A B, 

Draw HA^ making the A HAB. 

At the point H construct Z A HE = Z HA B. 

Then the line ^^ is II to ^ B. 

For, Z BHA=Z HAB; Cons. 

.-. HB is II to ii -ff, § 69 

{when tioo straight lines, lying in the same plane, are cxUhy a third straight 
liTie, if the oiL-iTU. A be eqiiaZ, the lines are parallel), 

a E. F. 



Ex. 1, Find the locus of the centre of a circumference which 
passes through two given points. 

2. Find the locus of the centre of the circumference of a 
given radius, tangent externally or internally to a given cir- 
cumference. 

3. A straight line is drawn through a given point A, inter- 
secting a giv«n circumference at B and C. Find the locus of 
the middle point P of the intercepted chord B C. 
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Proposition XXX. Problem. 

228. Two angles qf a triangle being given to find 

third. 

B 

I 
I 

/ 



E- 



-"^- 



B^ 



Let A and B be two given angles of a triangle. 

It is required to find tlve third Z. of the A, 

Take any straight line, as EF, and at any point, as H. 

construct A RHF equal to Z B, 

and Z SHE equal to Z ^. 

Then Z Ziyis' is the Z required. 

For, the sum of the three 2^ of a A = 2 rt. 2^, § 98 

and the sum of the three A about. the point ZT, on the same 
sideof ^i^=2rt. A §34 

Two A of the A being equal to two A about the 
point Hy Cons. 

the third Z of the A must be equal to the third Z about 
the point H, 

Q. E. F. 
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Proposition XXXI. Problem. 

229. Two sides and the included angle of a triangle 
being giv^, to construct the triangle. 







E 



Let the two sides of the triangle be E and F^ and 
the included angle A. 

It is required to construct a A having two sides equal to E 
and F respectively^ and their included Z. = /. A, 

Take HK equal to the side F, 

At the point H draw the indefinite line HM, 
making the Z KHM=Z. A, 
On HM take HC equal to E. 

Then A CHK is the A required 

Q. E. F. 
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Proposition XXXIL Problem. 

280. A dde and two adjacent angles of a triangle being 
given J to conatruct the triangle. 




Let CE be the given side, A and B the given angles.^ 

It is required to construct a A having a side equal to C £, 
and two A adjacent to that side equal to A A and B respectively. 

At point C construct an Z equal to Z ii. 

At point E construct an Z equal to Z, B, 

Produce the sides until they meet at 0. 

Then A (7 -^ is the A required. 

Q. E. F. 

231. ScHOUUM. The problem is impossible when the two 
given angles are together equal to, or greater than, two right 
angles. 
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Proposition XXXIII. Problem. 

232. The three sides of a triangle being given, to con- 
struct the triangle. 




Let the three siaes be m, n^ /and o. 

It is required to construct d A fiaving three sides respectivdy, 
equal to m, n, and o. 



ict d i 



Draw A B equal to n. 

From ii as a centre, with a radius equal to o, 

describe an arc ; 

and from ^ as a centre, with a radius equarto m, 

describe an arc intersecting the former arc at C, 
DrawCii and CJ?. 
Then A (7 ii jff is the A required. 



Q. E. F. 



233. Scholium. The problem is impossible when one side 
is equal to or greater than the sum of the other tvH). 



,- >' 
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Proposition XXXIV. Problem. 

234. The hypotenu9e and one side of a right triangle 
being given, to construct the triangle. 




Let m be the given side, and o the hypotenuse. 

It is required to contract a rt. A having the hypotenuse 
equal o and one side equal m. 

Take A B equal to w. 

At A erect a X, -i X. 

From 5 as a centre, with a radius equal to o, 

describe an arc cutting AX dX C. 

Dmw CB. 

Then A C-i jff is the A required. 

a E. F. 
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Proposition XXXV. Problem. 

235. The base, the altitude, and an angle at the base, 
of a triangle being given, to construct the triangle. 




...^ 



Let equal the base, m the altitude, and C the angle 
at the base. 

It is required to construct a A having the hose equal to o, 
the altitude equal to m, and an Z. at ike base equal to G, 

Take A B equal to o. 

At the point A, draw the indefinite line A E, 

making the Z BAE=^Z 0. 

At the point A, erect slJL AX equal to m. 

From X draw XS II to A B, 

and meeting the line AR eX S, 

Draw SB, 

Then A ^ aS'-^ is the A required. 

Q. E. F. 
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Proposition XXXVI. Problem. 

236. Two sides of a triangle and the angle opposite one 
of them being given y to construct the triangle. 

Case I. 

Wh&n, t?ie given atigU is cumte, and the side opposite to it is less than 
the other given side, 

D 



.// 



// 



M 



\ 

\ 

\ 
\ 
\ 



-^1- 



a 



E 



Let c be the longer and a the shorter givett side, and 

Z A the given angle. 

It is required to construct a A having two sides equal to a 
and c respectively, and the Z opposite a equal to given Z. A. 

Construct Z. D A E equal to the given Z A. 
On AD take A B =^ c. 
From J? as a centre, with a radius equal to a, 

describe an arc intersecting the side AE 9,i C and C". 
Drawee' and ^(7". 

Then both the A ABC and A B C" fulfil the conditions, 
and hence we have two constructions. 

When the given side a is exactly equal to the JL BC, there 
will be but one construction, namely, the right triangle ABC. 

When the given side a is less than B C, the arc described 
from B will not intersect A E, and hence the problem is im- 
possible. 
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Case II. 


> 


When the given angle is odUe, right. 


or obtuse, and the side opposite 


toUis greater than the other given side. 




D 






B 

/ \ 
/ \ 


0\^ A ^^T, 


Cr^.^ A ^^C 


'"--..^ -"\^ 


•*-- ----'' 


Fig. 1. 


Fig. 2. 




a 




, \ ■ 




\ 


c 



When the given angle is obtuse. 
Construct the Z DAE (Fig. 1) equal to the ^ven Z S. 

Take A B equal to a. 
From -5 as a centre, with a radius equal to c, 
describe an arc cutting JSA at C, and EA produced at C. 
Join i?C and j5C". 

Then the A ABCia the A required, and there is only one 
construction ; for the A ABC* will not contain the given Z S, 

When the given angle is acute, as angle BA(y, 
There is only one constniction, namely, the ABAC (Fig. 1). 

When the given /.is a right angle. 

There are two constructions, the equal ABAC and BAC 
(Fig. 2). Q.E.F. 

The problem is impossible when the given angle is right or 
obtuse, if the given side opposite the angle be less than the 
other given side. * § 117 
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Proposition XXXVII. Problem. 

237. Two sides and an included angle of a jparallelo^ 
gram being given, to construct the ^parallelogram, 
R 




/' 



"^E 



Let m and o be the two sides, and C the included 
angle. 

It is required to construct a O having two adjacent sides 

equal to m and o respectively, and their included Z. equal to Z. C. 

Draw A B equal to o. 

From A draw the indefinite line A R, 

making the Z A eqnal to Z C. 

Oil AR take A H equal to m. 

From ZT as a centre, with a radius equal to o, describe 
m arc. 

From -6 as a centre, with a radius equal to m, 
describe an arc, intersecting the former arc at E, 

The quadrilateral AB EH \& the O required. 

For, AB = HE, Cons. 

AH=-BE, Cons. 

.-. the figure uii?^^ is a O, § 136 

(a quadrilateral, which has its opposite sides equal, is a CD), 

a E. F. 
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Proposition XXXVIII. Problem. 

238. To describe a circumference through three points 
not in the same straight line. 



I / 



\JK- 



! 





JO 

B 
Let the three points be A, B, a. 

It is required to deserve a circumference throtigh t/ie thn 
points A, By and (7. 

Draw AB^udiBC. 

Bisect il^ and ^C. 

At the points of bisection, 'E and F, erect Js intersect- 
ing at 0. X. , -^ 

From as a centre, with a radius equal to A, dcscifibe a 
circle. 

O ABO is the O required. 

For, the point 0, being in the ±, EO erected at the miodle 
of the line A B, is at equal distances from A and B ; 

jand also, being in the 1. FO erected at the middle of the 
line C By is at equal distances from B and C, § 58 

(every point in the JL erected at the middle of a straight line is at eqiud 
distances from the extremities oftlmt line), 

.*. the point is at equal distances from A, R, and (7, 
and a O described from as a centre, with a radius equal 
to OA, will pass through the points A, B, and (7. 

Q. E. F. 

239. Scholium. The same construction serves to describe 
a circumference which shall pass through the three vertices of a 
triangle, that is, to circumscribe a circle about a given triangle. 
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Proposition XXXE^ Problem. 

240. Through a given point to draw a tangent to a 
given circle. 





Case 1. — Whan the given point is on the circumference. 

Let ABC {Fig, 1) be a given circle, and G the given 
point on the circumference. 

It is required to draw a tangent to the circle at C. 

From the centre 0, draw the radius C. 

At the extremity of the radius, (7, draw CM ± to 0, 

Then (7 if is the tangent required, § 186 

{a straight line Xto a radius at its extremity is tangent to the O). 

Case 2. — When the given point is without the circumference. 

Let ABO (Fig. 2) be the given circle, its centre, 
E the given point without the circumference. 
It is required to draio a tangent to the circle ABO frofn 

the point E. 

SomOE. 

On i? as a diameter, describe a circumference intersecting 
the given circumference at the points M and H. 

Draw OMmdOff,EM and EII. 

Now Z OME is a rt Z, § 204 

(bein^ inscribed in a semicircle), 

.\ EM\^ JLio CM at the point M; 

.-. EM is tangent to the O, § 186 

(a straight line jLtoa radius at its extremity is tangent to the 0). 

In like manner we may prove HE tangent to the given O. 

Q. E. F. 

241. Corollary. Two tangents drawn from the same point 
to a circle are equal. 
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Proposition XL. Problem. 

242. To inscribe a circle in a given triangle. 

B 




H 

Let ABC be the given tiiangle. 
It is required to inscribe a O in the A AB 0. 
Draw the line A E, bisecting Z A, 
and draw the line C Ey bisecting Z (7. 
Draw EH JLio the line A C, 
From E, with radius EH, describe the O KMH, 
Th^Q KHM\^ the O required. 
For, draw ^ JT J. to ^ ^, 
and^if±to^C. 
In the rt. A ^ KE and A HE 

AE = AE, Iden. 

AEAK^^AEAH, Cons. 

.\AAKE-=^AAHE, §110 

iTwo rt, A are equal if the hypotenuM aiid an acute Z of the one be eqxial 
respectively to the hypotenuse and an acute /.of the other). 

r.EK^EH, 

(being homologous sides of equal ki). 

In like manner it may be shown E M=^ EH, 
,\EK, EH, and ^ Jf are all equal. 
/. a O described from -£^ as a centre, with a radius equal to EH, 

will touch the sides of the A at points H, K, and M, and 
be inscribed in the A. § 174 

Q. E. F. 
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Proposition XLL Problem. 

243. Upon a given straight line, to describe a segment 
which shall contain a given angle. 









\ 



1 1 

// 



y/ 



E 



7" 



Let AB be the given line, and M the given angle. 

It is required to describe a segment upon the line A B, which 
sltall contain /. M, 

At the point B construct A ABE equal to Z M. 

Bisect the line AB 2X F^ 

and erect the A, F H, 

From the point By draw BO ±io EB. 

From 0, the point of intersection of FU and ^ O, as a 

centre, with a radius equal to OB, describe a circumference. 

Now the point 0, being in a J_ erected at the middle of 
A B, is at equal distances from A and B, § 58 

(every point in a ± erected at the middle of a straight line is at equal dis- 
tances from the exire^nities of that Ihie) ; 

.'. the circumference will pass through A. 
Now BEisA.toOB, Cons. 

.-. ^ ^ is tangent to the O, § 186 

(a straight line A. to a radius at its extremity is tangent to the O). 

.\ Z ABE'iB measured by \ arc A B, § 209 

{being an /.formed by a tangent and a chord). 

Also any Z inscribed in the segment A HB, as for instance 
Z A KB, ia measured by ^ s^vc A B, § 203 

{being an inscribed Z). 
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.\Z AKB=-AABE, 

{being both Toeamred by i the same arc) ; 

.'.ZAKB=-ZM. 

'. segment A HB is the segment required. 



Q. E. F. 



Proposition XLII. Problem. 

244. To find the ratio of two commensurable straight 

lines. 

E H 

A i L'-B 

K 

CI ; , r^D 

F 
Let AB and C D be two straight lines. 

It ts required to find the greatest common measure of AB 

and G D, so as to express their ratio in numbers. 

Apply CD to A B aa many times as possible. 

Suppose twice with a remainder EB, 

Then apply EB to C D SiS many times as possible. 

Suppose three times with a remainder FD, 

Then apply FD to E B eL8 many times as possible. 

Suppose once with a remainder HB. 

Then apply If B to FD as many times as possible. 

Suppose once with a remainder KD. 

Then apply K D to HB aa many times as possible. 

Suppose KD ia contained just twice in H B. 

The measure of each line, referred to KD as a. unit, will 
then be as follows : — 

HB =2KD; 

FD = HB+ KD == 3KD; 
EB = FD+HB^ 5KD; 
CD -=3EB+ FD =^ISKD; 
AB =2CD+ EB ==UKD. 

• ^ = 4\KD , 
"CD IS KD' 
AB 41 



, the ratio of ^^ 18' 
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Exercises. 

1. K the sides of a pentagon, no two sides of which are 
parallel, be produced till they meet ; show that the sum of all 
the angles at their points of intersection will be equal to two 
right angles. 

2. Show that two chords which are equally distant from the 
centre of a circle are equal to each other ; and of two chords^ that 
which is nearer the centre is greater than the one more remote. 

3. If through the angles of an isosceles triangle which has 
each of the angles at the base double of the third angle, and is 
inscribed in a circle, straight linos be drawn touching the circle ; 
show that an isosceles triangle will be formed which has each 
of the angles at the base one-third of the angle at the vertex. 

4. AD B is a. semicircle of which the centre is C ; and A EC 
is another semicircle on the diameter AC ; il jT is a common 
tangent to the two semicircles at the point A. Show that if 
from any point F, in the circumference of the first, a straight 
line FC he drawn to C, the part FK, cut off by the second 
semicircle, is equal to the perpendicular FH to the tangent A T. 

5. Show that the bisectors of the angles contained by the\ 
pposite sides (produced) of an inscribed quadrilateral intersect] 

at right angles. / 

^ 6. If a triangle -^ ^ C be formed by the intersection of three 

1 tangents to a circumference whose centre is 0, two of which, 

rOA M and A N, are fixed, while the third, B C, touches the cir- 

/ cumference at a variable point P ; show that the perimeter of 

the triangle ABC \s constant, and equal to A M + A N, oi 

^^ 2 AM, Also show that the angle B DC ia constant. 

7. -4 ^ is any chord and ^ C is tangent to a circle at A, 
CD F A line cutting the circumference in D and F and parallel 
to ^ ^ ; show that the triangle ACDh equiangular to the 
triangle FAB. 
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Constructions. 

1. Draw two concentric circles, such that the chords of the 
outer circle which touch the inner may be equal to the diameter 
of the inner circle. 

2. Given the base of a triangle, the vertical angle, and the 
length of the line drawn from the vertex to the middle point 
of the base : construct the triangle. 

3. Given a side of a triangle, its vertical angle, and the radius 
of the circumscribing circle : construct the triangle. 

4. Given the base, vertical angle, and the perpendicular from 
the extremity of the base to the opposite side : construct the 
triangle. 

5. Describe a circle cutting the sides of a given square, so 

that its circumference may be divided at the points pf inter- q ^ 
section into eight equal arcs. -^ '.- ' xJc/U ^^\J 

6. Construct an angle of 60°, one of 30**, one of 120°, one 
of 150^ one of 45^ and one of 135°. 

7. In a given triangle A B (7, draw Q D E parallel to the base 
B C and meeting the sides of the triangle at D and Ey so that 
2>J^8hallbeequalto2>^+ ^(7. ^.^ 

8. Given two perpendiculars, A B and CD, intersecting in 0, 
and a straight line intersecting these perpendiculars in ^and F\ 
to construct a square, one of whose angles shall coincide with 
one of the right angles at 0, and the vertex of the opposite angle 
of the square shall lie in E F, (Two solutions.) 

.9. In a given rhombus to inscribe a square. 

10. If the base and vertical angle of a triangle be given ; 
find the locus of the vertex. 

11. If a ladder, whose foot rests on a horizontal plane and 
top against a vertical wall, slip down; find the locus of its 
middle point 



(, 



angle I . 
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BOOK III. 

PROPORTIONAL LINES AND SIMILAR POLYGONh. 



On the Theory op Proportion. 

245. Dep. The Terms of a ratio are the quantities com- 
pared. 

246. Def. The Antecedent of a ratio is its first term. 

247. Def. The ConsequeiU of a ratio is its second term. 

248. Def. A Proportion is an expression of equality be- 
tween two equal ratios. 

A proportion may be expressed in any one of the following 
forms : — 

1. a ', h '. : c \ d 

2. a : h =^ c \ d 

3 ? = 1. 
* h d' 

Form 1 is read, a is to 5 as c is to d. 

Form 2 is read, the ratio of a to 6 equals the ratio of (J to d. 

Form 3 is read, a divided by h equals c divided by c?. 

The Terms of a proportion are the four quantities com- 
pared. 

The first and third terms in a proportion are the ante- 
cedents, the second ^vA fourth terms are the consequents. 

249. The Extremes in a propoition are the first and fourth 
terms. 

250. The Means in a proportion are the second and third 
terms. 
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251. Dep. In the proportion a :b : : c : d; d ia a. Fourth 
Proportional to a, b, and c. 

252. Dep. In the proportion a : b : : b : c; c is a Third 
Proportional to a and 6. 

253. Def. In the proportion a : b : : b : c; b ia a Mean 
Proportional between a and c. 

254. Dep. Four quantities are Reciprocally Proportional 
when the first is to the second as the reciprocal of the third is to 
the reciprocal of the fourth. 

Thus a:6::l:i. 

c a 

If we have two quantities a and b, and the reciprocals of 

these quantities - and - ; these four quantities form a recipro- 

a b 

cal proportion, the first being to the second as the reciprocal of 
the second is to the reciprocal of the first. 

As a : 6 : : - : -. 

6 a 

255. Dep. A proportion is taken by Alternation, when the 
means, or the extremes, are made to exchange places. 

Thus in the proportion* 

a ', b '. ', c \ d, 
we have either 

a : c I : b : d, or, d : b : : c : a, 

256. Dep. A proportion is taken by Inversion, when the 
means and extremes are made to exchange places. 

Thus in the proportion 

a : b : : c : d, 
by inversion we have 

b : a : : d : c, 

257. Dep. A proportion is taken by Composition, when 
the sum of the first and second is to the second as the sum of 
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4e third and fourth is to the fourth ; or when the sum of the 
first and second is to the first as the sum of the third and fourth 
is to the third. 

Thus if a : h \ : c \ dy 

we have by composition, 

a+ h \ h \ : c-¥ d '. d, 
or, a •\- h \ a \ : c '\- d : c. 

258. Def. a proportion is taken by Division, when the 
difference of the first and second is to the second as the dif- 
ference of the third and fourth is to the fourth ; or when the 
difference of the first and second is to the first as the difference 
of the third and fourth is to the third. 

Thus if a I h : : c : d, 

we have by division 

a — h I h : : c — d I d, 

or, a — h \ a : : c — d : c. 

Proposition I. 

259. In every numerical proportion the product of the 
extremes w equal to the product of the means. 

Let a : h : \ c \ d. 



Weave 


to prove ad=^ be. 








Now • 


a c 
b '^ d' 








whence, 


by multiplying by b d, 










ad^bc. 


r 


u 


Q. E. D. ] 




'x^^ 


c^ 
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It is to be observed that the product of two quantities im- 
plies that at least one of the quantities is an abstract number. 
We cannot multiply dollars by dollars, or lines by lines. Still 
we may speak of the product of two lines, if we understand by 
the expression the product of the numbers which represent the 
lines when they are measured by a common unit. 



_J4.-. 

i ■ 


= 




i j 


1 




1 i 


i 





B 

Thus in the rectangle of the lines A B and A C, suppose 
A L to be a common measure of A B and A C, and to be con- 
tained in il ^ seven times, and in AC four times. 

At the several points of division on -i C draw lines perpen- 
dicular to AC, 

and at the several points of division on AB draw lines 
perpendicular to A B. 

Then the rectangle will be divided into squares, all equal 
to each other. There will be seven in a row, and four rows ; 
that \afour times seven squares. 



Proposition II. 

260. A mean proportional between two quantities is 
equal to the square root of their product. 

In the proportion a : h : : b : c, 

b^ = ac, §259 

(the product of the extremes is equal to the product of the ineans). 

Whence, extracting the square root, 
b = ^ac. 

Q. E. D. 
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Proposition III. 

261. If the product of two quantities be equal to the 
product of two others, either two may be made the extremes 
of a proportion in which the other two are made the means. 



e means, i 




Let ad = hc, /(^ 

We are to prove a i h -, : c \ d, >p, ^ (/^,' ) '(^^ cA^ 

Divide both members of the given equation by h d. 

Then 5^ = i, 

h d' 

or, a I h I : c I d. 

9. E. D. 



Proposition IV. 

262. If four quantities of the same hind be in propor^ 
tion, they will be in proportion by alternation. 

Let a : h : : c : d. 
We are to prove a : c : : h : d, 

ad = bCf 

(the product of the extremes is eqital to the product of the meaTis), 

Divide hj cd. 

Then ? = ^ , 

c d 

OP, a : c : : b : d, 

Q. E. D. 




^^- ' Di^JSd^A^^ 
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Proposition V. 

263. If four quantities he in proportion, they will he in 
proportion hy inversion, 

L0t a : b : : c : d. 

We are to prove h : a : : d : c 

bc^=^ ad, 
{the product of the extremes is equal to the product of the means). 

Divide by a c. 

Then i = i, 

a c 

or, h : a : ', d I c. 

Proposition VI. 




a^itfccL 



264. If four quantities he in proportion, they will he in 
proportion by composition. 

Let a : b I I c '. d 

We are to prove a^r b : b : : c^ d x d. ^^ /jPy uY* ) 

Add 1 to each member of the equation. y^^ ^ /^ ^ ^ f^Vf 



Then ? + i = f + i 

6 ^ ^ d^ ^' 

that is, t±± = i±-^, 

b d ' 

or, a + 6 : 6 : : c + c? : cf . 
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Proposition VII. 

265. If four quantities be in proportion, they will be in 
proportion by division. 

Let a : b : : c : d. 
We are to prove a — b : b : : c — d : d. 



Now ^ = i. 
b d 

Subtract 1 from each member of the equation. 


Then 


a c 


that is, 


a — b c — d 
b ^ d ' 


or, 


a — b I b : : c — d : d. 



Q. E. D. 

Proposition VIII. 

266. In a series of equal ratios, of which all the terms 

are of the same hind, the sum of the antecedents is to the sum 

of the consequents as any antecedent is to its consequent. 

Let a : b = c I d^^ e : f =^ : h. 

We are to prove *a-\-c-¥e'\-g:b'\-d-\'f-\-h:\a\b. 

Denote each ratitn&y r, 

a c e g 
Then .^=- = - = -=.^. 

Whence, a=^br, c = dr, e =fr, g=^hr. 
Add these equations. 

Then a + c + e + g==(b + d +/+ h) r. 
Divide by (b + d+/-\-h). 

a + c + e + g 
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Proposition IX. 

267. The products of the corresponding terms of two or 

more numerical proportions are in proportion. 

Let a : h : I c : d, 

e \f i: g :K 
k i I : :m : n, 

We are to prove aek : hfl : : cgm : dhn, 

T^T a c e g k m 

Now — — — 



/ 



h d f h I n 

Whence by multiplication, 

aek cgm 
hfl dhn 

or, aek : hfl : : cgm : dhn. 



Q. E. D. 



(, PropositiVn X. 

268. Like powers, or like roots, of the terms of a pro- 
portion are in proportion. 



Let a : h : i c : d. 




., 


We are to prove a" : 6* : : c** : (f*, 






1 t'\ I 1 
and a» : 6» : : c»i : «/». 






j. l-r V 




♦ 


By raising to the"w*^ power, 

^- ^"; ora« : h* : 'f(^ 
6* d^ 


: d^. 


,.> 


By extracting the n^ root, 

an en 1 11,^ 
— = — ; or, an :. hn^3^ ; 

hn dn 


1 


'^ 



Q. E. O. 

269. Dbp. ^(yM*jw««/^tjt>/e« of two quantities are the products **- 
obtained by multiplying each of them by the same number. 
Thus m a and wi 6 are equimultiples of a and h. 
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Proposition XL 

270. Equimultiples of two quantities are in the same 
ratio as the quantities themselves. 

Let a and h be any two quantities. 
We are to prove ma : mb : : a : b. 

XT a a 

jSow - = - . 

h b 

Multiply both terms of first fraction by m. 

Then !?^ = i^ , 

mb b 

or, ma : mb : : a : b. 

Q. E. D. 

Proposition XII. 

271. If two quantities be increased or diminished hy 
like parts of each, the results will be in the same ratio as the 
quantities themselves. 

Let a and h he any two quantities. 

We are to prove a ±,?- a : b ± ^ b : : a : b. 

9 9. 

In the proportion, 

ma *: m,b : : a : 6, 

substitute for m, 1 ± - . 

Then (l ± ^) a : (l ± ^) 5 : : a : 6, 

or a ±,^ a \ b ±, ^b \ \ a \ b. 

Q. E. D. 

272. Dep. Euclid's test of a proportion is as follows : — 

" The first of four magnitudes is said to have the same ratio 
to the second which the third has to the fourth, when any equi- 
multiples whatsoever of the first and third being taken, and any 
equimultiples whatsoever of the second and fourth ; 
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" If the multiple of the first be less thaji that of the second, 
the multiple of the third is also less than that of the fourth ; or, 

" If the multiple of the first be eqtial to that of the second, 
the multiple of the third is also equal to that of the fourth; or, 

" If the multiple of the first be greater than that of the 
second, the multiple of the third is also greater than that of 
the fourth." 



Proposition XIIL 

273. If four quantities be proportional according to the 
algebraical definition y they will also be proportional according 
to the geometrical definition. 

Let a, 5, c, d be proportional according to the alge- 

a c 
braical definition / that is t^ ~i' 

a 

We are to prove a, 6, c, d, proportional according to ike 
geometrical definition. 

Multiply each member of the equality by — . 

n 

Then ^ = ^. 

nb nd 

Now from the nature of fractions, 

if 991 a be less than nh, mc will also be less than nd; 

if m a be equal to nb^ me will also be equal to nd; 

if m a be greater than nb, mc will also be greater than n d. 

^^9 by Cy d Bie proportionals according to the geometrical 

defimtion: 
/ Q. E. o. 
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EXEBOISES. 

1. Show that the straight line which bisects the external 
-__jerti<ial angle of an isosceles triangle is parallel to the base. 

2. A straight line is drawn terminated by two parallel 
straight lines; through its middle point any straight line is 
drawn and terminated by the parallel straight lines. Show that 
the second straight line is bisected at the middle point of the 
first. \ 

3. Show that the angle be^een the bisector of the angle A 
of the triangle ABC and the p^pendicular let fall from A on 
BC is equal to one-half the difference? between the angles B 
and C. 

4. In any right triangle ^how that the straight line drawn 
from the vertex of the right angle to the middle of the hypote- 

/ xMse is equal to one-half the hypotenuse. 

^ 5. Two tangents are drawn to a circle at opposite extremities 
of a diameter, and cut off from a third tangent a portion A B, 
If C be the centre of the circle, show that ACB ia & right angle. 

6. Show that the sum of the three perpendiculars from any 
^ point within an equilateral triangle to the sides is equal to the 

altitude of the triangle. 

7. Show that the least chord which can be drawn through a 
given point within a circle is perpendicular to the diameter 
drawn through the point. 

8. Show that the angle contained by two tangents at the 
extremities of a chord is twice the angle contained by the chord 
and the diameter drawn from either extremity of the chord. 

9. K a circle can be inscribed in a quadrilateral ; show that 
the sum of two opposite sides of the quadrilateral is equal to the 
sum of the other two sides. 

10. If the sum of two opposite sides of a quadrilateral be 
equal to the sum of the other two sides ; show that a circle 
can be inscribed in the quadrilateral. 
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• On Proportional Lines. 

Proposition I. Theorem. 

274. If a series of parallels intersecting 
straight lines intercept equal parts on one of these lines, 
they will intercept equal parts on the other also. 

H W 






\ 
K K^ 

Let the series of parallels A A', BB', CC^, B^L^JtE', 
intercept on H' K' equal parts A' B', B'C, C'D', etc. 

We are to prove 

they intercept on H K equal parts A B, BC, C D, etc. 

At points A and B draw A m and Bn W to H^ K', 

Am-=A'B', §135 

{parallels comprehended bettoeen parallels are equal), 

Bn-=B'C', § 135 

.*. Am^^Bn, 
In the A BA m and C Bn, ' 

ZA^ZB, § 77 

QiamTig their sides respectively II and lying in the same direction from 
the vertices). 



and 



Z m'= Z n, 
Am = Bn, 



§77 



.-. ABAm = ACBn, § 107 

{Jumng a side and two adj. A of the one equal respectively to a side and 
two adj. A of the other), 

.-. AB^BC, 

{being homologous sides of equal A). 

In like manner we may prove B C=^ CD, etc. 

Q. E. D. 
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Proposition II. Theorem. . 

275. If a line he drawn through two sides of a triangle 
parallel to the third side, it divides those sides propor- 
tionally, 

A 




Then 



Fig. 1. Fig. 2. 

In the triangle ABC let EF be drawn parallel to B G. 

^ ^ EB FC 

We are to prove = — -. 

^ AE AF 

Case I. — When A E and EB {Fig. 1) are commensuraMe, 

Find a common measure of A E and EB, namely Bm. 

Suppose -5 m to be contained in. BE three times, 

and in AE five times. 

EB ^ 3 

AE 5' 

At the several points of division on B E and A E draw 
straight lines 11 to B C. 

These lines will divide A C into eight equal parts, 

of which FC will contain three, and A F will contain five, § 274 

(if parallels intersecting any two straight lines intercept equal parts on one 

of these lijies, they will intercept equal parts on the other alao), 

. FC _S 
" AF 5' 
EB ^ 3 . 
AE '5 ' 
. EB ^ FC 
' * AE AF' 



But 



Ax. 1 
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Case. II. — When A E and E B {Fig. 2) are incommensurable. 

'^ ^ - Divide A E into any number of equal parts, 

and apply one of these parts to J^ -5 as often as it will be 
contained in MB, 

Since A E and E B are incommensurable, a certain number 
of tjiese parts will extend from ^ to a point K, leaving a re- 
mainder KB, less than one of the parts. 

Draw ^iy II ioBC. 

Since A E and EK axe commensurable, 

EK FH ,n j\ 

-r „ = -: — (Case I.) 

AE AF ^ ' 

Suppose the number of parts into which ^1 J^ is divided to 
be continually increased, the length of each part will become less 
and less, and the point K will approach nearer and nearer to B, 

The limit of EK will be E B, and the limit of FH will be FG. 

.*. the limit of will be , 

AE AE' 

and the limit of will be — - . 

AF . AF 

F K F H 

Now the variables — - and -— - are always equals how- 
AE AF 

ever near they approach their limit3 ; 

.-. their limits :^ and -—- are equal, § 199 

Q. E. D. 

276. Corollary. One side of a triangle is to either part 
cut oflf by a straight line parallel to the base, as the other side is 
to the corresponding part. 

Now EB : AE :: FC \ AF. § 275 

By composition, 

EB-^ AE '. AE :: FC^- AF : AF, § 263 

or, AB . AE :: AC :AF. 
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Proposition III, Theorem. 

277. If a straight line divide two sides of a triangle 
proportionally, it is parallel to the third side. 

A 



In the triangle ABC let EF be drawn so that — == — , 

AE AF 

We are to prove EFW to BC. 

From E draw EffWtoBC. 

Then ^-^' §276 

(one side of a ^ is to either part mU off by a line W to the Joae, as the other 
side is to tJie corresponding part). 

•But ^ = A^, Hyp. 

AE AF' ^^ 

, AC '_ AO . - 

"TF^AH' ^\ 

.'. AF= Aff. 

.-. ^i?" and j^ if coincide, 
{their extremities being the same points). 

But E H is W to BG; Cons. 

.-. EF, which coincides with EH, is II to B 0. 

Q. E. D. 

278. Dep. Similar Polygons are polygons which have their 
homologous angles equal and their homologous sides proportional. 

Homologous points, lines, and angles, in similar polygons, 
are points, lines, and angles similarly situated. 
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On Similar Polygons. 

Proposition IY. Theorem. 

279. l^vfo triangles which are mutually equiangular are 
similar. 





In the A ABC and A' B' O let A A, B, C be equal to 

A A', B'y C respectively. 

We are to prove AB : A' B' = AC \ A' C =- BC : B' C. 
Apply the A A' B' C to the A ABC, ] 

so that Z A' shall coincide with Z -4. ^ 

Then the A A' B' C will take the position oiAAEH. 

ITow Z A EH (same as Z ^') = ^ ^• 

.-. j^ZTisllto^C, §69 

(when tvx> straight lines, lying in the same plane-, are cut by a third straight 
line, if the ext. int. A be equal the lines are parallel), 

.'.AB : AE == AC : AH, §276 

(one side of a IS. is to either part cut off by a line II to the base, as the other 
side is to the corresponding part). 

Substitute for A E and A H their equals A* Bf and A^ C. 

Then AB : A' B ^ AC i A'C*. 

In like manner we may prove 

AB : A' B' = BC : B'C 

.'. the two A are similar. § 278 

Q. E. D. 

280. Cor. 1. Two triangles are similar when two angles 
of the one are equal respectively to two angles of the other. 

- 281. Cor. 2. Two right triangles are similar when an acute 
angle of the one is equal to an acute angle of the other. 
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Proposition V. Theorem.. 

282. Tiao triangles are similar when their homologous 
sides are proportional. 





In the tiiangles ABC and A' B' C let 

AB _ AC ^ BG_ 

A'B' A'O B'C' 
We are to prove 
A A, By and C equal respectively to A A', B', and C 

Take on ^1^, ^ ^equal to A' B', 

and on AC, AH equal to A' C. Draw EH. 

AB ^ AC_ jj 

A'B' A'C' ^^' 

Substitute in this equality, for A^ B' and A' O their equals 
il J^ and ^ ^. 

Then iA^A^. 

AE AH 

.\ E H is W to BC, §277 

{if a line divide two sides of a A proportionally, it is W to the third side). 

Now in the a ^ BC and A EH 

ZABC=-ZAEH, §70 

{being ext. int. angles). 

ZACB = ZAHE, §70 

Z ii = Z ^. Iden. 

.'. A ABC and A EH are similar, § 279 

{ttvo mtUticUly equiangular ^ are similar). 

••• U-m^ 5 ''' 

(homologous sides of similar ^ are proportional). 
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But 



Since 



AB 


A'B' 


BC 


B'C 


AE 


A'B' 


EH 


B'C 



§ 278 



Ax. 1 



A'C\ 



Cons. 



§108 



EH-=B'C'. 
Now in the A ^ EH and A'B' C, 

EH^B'C, AE = A'B', and AH- 

.\AAEH-=AA'B'C', 
(having three sides of the (nve equal respectively to three sides of the other). 

But A A EH 18 similar to A ABC. 

.'. A A'B' C is similar to A ABC, 

Q. E. D. 

283. Scholium. The primary idea of similarity is likeness 
of form ; and the two conditions necessary to similarity are : 

L For every angle in one of the figures there must be an 
equal angle in the other, and 

II. the homologous sides must be in proportion. 

In the case of triangles either condition involves the other, 
but in the case of other polygons, it does not foDow that if one 
condition exist the other does also. 




Ct 



B! 



Thus in the quadrilaterals Q and ^, the homologous sides 
are proportional, but the homologous angles are not equal and 
the figures are not similar. 

In the quadrilaterals R and R', the homologous angles are 
equal, but the sides are not proportional, and the figures are no^ 
similar. 
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Proposition VI. Theorem. 

284. Thoo triangles having an angle of the one equal to 

an angle of the other, and the including sides projportionaly 

are similar. 

A 
Af 



^ 





In the tiiangles ABC and A' B' C let 

AA^ AA', and AA = A^. 

A'B' A'C 

We are to prove A. A B C and A' B' C similar. 

Apply theAA'B'C to the A ABC so that Z A' shaU 
coincide with Af A\ 

Then the point B* will fall somewhere upon -4 -5, as at B, 

the point (7' will fall somewhere upon ^ C7, as at H, and 
B'C'n^onBH. 

Now AA = i_^. Hyp. 

A'B' A'C ^^ 

Substitute for A' B' and A' C their equals A E and A H. 

Then AB^A^ 

AE AH 

.'.the line EH divides the sides AB and AC propor- 
tionally ; 

.'.EH is II to BC, § 277 

(if a line divide ttoo sides of a IS, proportionally, it is W to the third side), 

.*. the A A BC and A E H sltg mutually equiangular and similar. 

.'.A A' B' C is similar to A ABC. 

Q. E. D. 
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r 



Proposition VIL Theorem. 






285. Two triangles which have their sides respectively .. 
parallel are similar. 




a A 

In the trisLngles ABC and A! B' O let AB,AC\ and 
BC be parallel respectively to A' B', A'O^ and 
B'C. 
We are to prove h^ABC and A' B' C similar. 

The corresponding A are either equal, § 77 

{two A whose sides are H, two and two, and lie in the same direddoriy or 
opposite directioTis, fronn their vertices are equal), 

ements of each other, """^ "^ 7ft> 

(iftioo A have two sides II aind lying in the same direction from their vertices, 
while the other two sides are II and lie in opposite directioTis, the A are 
supplements of ea/ih other). 

Hence we may make three suppositions : 

ii + ^'=2rt. ^, J? + ^' = 2rt.^, (7+(7' = 2rt. A 
A'-=A', B-\-B' = 2vt.A, (7+C" = 2rt. A 

A=A\ B = B' ,-. C^C. 




Since the sum of the A of the two A cannot exceed four 
nglesy the 3d supposition only is admissible. §9^ 



/. the two /^ ABC and A^ B' C are similar, 
{ttoo mutually equiangular ^ are similar). 



§279 

Q. E. D. 



/ 
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Proposition VIII. Theorem. 

286. Two triangles which have their sides respectively 
perpendicular to each other are similar. / >,/ / 







fM- 



In the triangles EFD andBA C, let EF, FBr%miED, 
be pezpendicular respectively to AC, BG smd AB. 

We are to prove A. EFD and BAC similar. 

Produce FD until it meets B a,t ff. 

Then, in the quadrilateral BED H, 

A E and H are rt. A] 



.\ZB'\-/.EDH=2Tt.A, 

{tke swm, of (he A of a quadrilateral = 4 rt. A). 



But 



§158 
§34 

Ax. 3. 

§103 

Ax. 9. 

Ax. 3. 

.-. A EFD and BA C are similar, § 280 

(tivo ^ are similar when two A of the one are equal respectively to two A of 

the other). 

Q. E. D. 

287. Scholium. When two triangles have their sides re- 
spectively parallel or perpendicular, the parallel sides, or the 
perpendicular sides, are homologous. 



ZEDF+ZEDH=^'1^.A, 

(beiTUf sup.-acy. A). 

.\ZEDF=ZB. 

mw ZC + ZffFC = 2LTt.Z, 

(in art. A the sum of the two aciUe A= aH. Z); 

and Z EFD + Z HFC = a rt. Z. 

.\ZEFD=-ZC. 
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Proposition IX. Theorem. 

288. Lines drawn through the vertex of a triangle divide 
proportionally the base and its parallel. 





In the triangle ABC let HL be parallel to A C, and 
let BS and BT be lines drawn through its ver- 
tex to the base. 



We are to prove 



AS 
HO 



ST 
OR 



TO 
BL' 



A BHO and BA S are similar, 
{pwo A which are rmUually equiangular are similar). 

A BOB and B S T sue similar, 

A BRL and B TO are similar. 



"ho \ob) or \br) 



TO 
RL' 

(homcHogovs sides of similar A are proportional). 



§279 

§279 
§279 

§278 



Q. E. D. 



Ex. Show that, if three or more non-parallel straight lines 
divide two parallels proportionally, they pass through a common 
point 
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Proposition X. Theorem. 

289. If in a right triangle a perpendicular he drawn 
from the vertex of the right angle to the hypotenuse : 

I. It divides the triangle into two right triangles which 
are similar f^ the whole triangle, and also to each other, 

II. The perpendicular is a mean proportional between 
the segments of the hypotenuse. 

III. Each side of the right triangle is a mean pro- 
portional between the hypotenuse and its adjacent segment, 

IV. The squares on the two sides of the right triangle 
have the same ratio as the adjacent segments of the hypote^ 
nttse, 

V. T/ie square on the hypotenuse has the same ratio io 
the square on either side as the hypotenuse has to the segrrent 
adjacent to that side. 

B 




In the light triangle ABC, let B F be drawn from the 
vertex of the right angle B, perpendicular to the 
hypotenuse A C, 

I. We are to prove 

the AABF, ABC, and FBC similar. 
In iYiQtt. ABAF and BAC, 

the acute Z -4 is common. 

.*. the A are similar, § 281 

(two rt. A are similar when an acide Z. of the one is equal to an acute Z 
ofth-e other). 

In the Tt. ABCFsiXidBCA, 

the acute Z (7 is common. 

* .*. the A are similar. § 281 

Now as the rt. A AB F and C B F are both similar to 
ABCfhj reason of the equality of their A, 

they are similar to each other. 
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II. We areto prove AF : BF i : BF : FG, 
In the similar AABFon^CBF, 

A F, the shortest side of the one, 
B F, the shortest side of the other^ 
B F, the medium side of the one, 
F Cy the medium side of the other. 

III. We are to prove AC : AB : : AB : AF. 
In the similar A ABC and A BF, 

A C, the longest side of the one, 
: A B, the longest side of the other, 
: : AB, the shortest side of the one, 
: A F, the shortest side of the other. 
Also in the similar A ABC and FBC, 

A C, the longest side of the one, 
B C, the longest side of the other, 
B C, the medium side of the one, 
F (7, the medium side of the other. 

IV. We are to prove\ = — — - . 

In the proportion AC . AB : : AB i AF^ 

rff =^ACXAF, § 259 

{the product of the eactremes is eqiial to the product of the ineans). 

and in the proportion^ C : BC i : BC : FC, 

B7f=^ACX FC. §259 

Dividing the one by the other, 

JT^ ^ ACXAF I 

'jS^^ ACX FC' \ 

Cancel the common factor A C, and we have \ 

r^ AF ^- 

B^^ FC' 

V. We are to prove = . 

AB^ ^^ 
IC^ = ACXAC, 

AB^ = ACXAF, (Case III.) 

Divide one equation by the other ; 

then ^ = ACXAC _ AC 

X^ ACXAF AF' Q.B.D. 
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Proposition XL Theorem. 

290. If two chords intersect each other in a circle^ their 
segments are reciprocally proportional. 



Let the two chords A B and E F intersect at the 
point 0. 

We are to prove AO \ EO : : OF : OB. 

DraWili^and^J?. 

In the A ii i^ and ^0 ^, 

Z.F=/.B, §203 

(each being measured by i arc A E), 

Z.A=^ZE, § 203 

(each being vieasured by i arc F B). 

.'. the A are similar. § 280 

(two ^ are similar when two A of the one are eqtml to two A of the other). 

Whence A 0, the medium side of the one, § 278 

: E 0, the medium side of the other, 
: : OF, the shortest side of the one, 
: By the shortest side of the other. 

Q. E. D. 
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PROPOSIT19N XII. Theorem. 

291. If from a point without a circle two secants he 
drawny the whole secants and the parts without the circle 
are reciprocally proportional. 




Let OB and be two secants drawn from point 0, 
We are to pr<n>e OB : OC \\ OM : OH. 

Btslw ffC and MB. 
In the A OHCsmd 0MB 

Z is common, 

ZB = ZC, § 203 

(each being mea^sured by i arc H M). 

.*. the two A are similar, § 280 

{tiDo ^ are similar when two A of the one are equal to two A of the other). 

Whence OB, the longest side of the one, § 278 

C, the longest side of the other, 
M, the shortest side of the one, 
H, the shortest side of the other. 

Q. E. D. 
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Proposition XIIL Theorem. 

292. If from a poinf without a circle a secant and a 
tangent be dratoji, the tangent is a mean proportional between 
the whole secant and the part without the circle. 

O 




Let OB be a tangent and 00 a secant drawn from 
the point to the circle MEG, 

We are to prove 00 : OB :: OB : M. 

Dreiyr B M &nd B C. 

Jnthe A OB If andOBC 

Z is common. 



Z BMis measured by J arc MB, § 209 

(being an Z formed by a tangent and a chord). 

Z (7 is measured by J arc j5 if, 4 203 

(being an inscribed Z. ). 

.-.Z OBM = Z C. 



\/ 



.'.AOBCsLudOBM are similar, § 280 

(having two A of the one equal to tvno A of the other). 

Whence 0, the longest side of the one, § 278 

B, the longest side of the other, 

B, the shortest side of the one, 

M, the shortest side of the other. 

Q. E. D. 
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Proposition XIV. Theorem. 

293. If two polygons he composed of the same number 
of triangles which are similar , each to each, and similarly 
placed, then the polygons are similar, 
E 





C BO 

In the two polygons ABODE ^and A'B'O'D'E', let 
the triangles BAE, BEC, and CED be similar 
respectively to the triangles B' A' E\ B' E' C\ and 
C'E'D', I 

We are to prove C^ 

the polygon ABODE similar td^he polygm A' B' 0' D^ E'. 

§278 



AA=^AA', 

(being homologous A of similar A ). 



§278 
§278 



ZABE^ZA'B'E', 

Z. EBC = Z E'B'C, 
Add the last two equalities. 

1\m^x^Z.ABE-^AEB0=AA'B'E'-^/.E'B'0'-, 
or, AABO=-AA'B'0', 

In like manner we may prove A BO D^== A B' 0' D', etc, 
.*. the two polygons are mutually equiangular. 

^ AE _AB /^^\_ J?(7^/JS^a\ OP ^ ED 
A^''~"A^'''\E^')~~ B'O' \E'0') O'D' E' D'' 

{the homologous sides of similar A are2>ro2)ortioiial). 

.'.the homologous sides of the two polygons are proportional. 

.*. the two polygons are similar, § 278 

(hamng their htnnologous A equaly arid their Jiomologoics sides jyroportionaT), 

Q. E. D. 
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Proposition XV. Theorem. 

294. If two polygons he similar y they are composed of 
the same number of triangles^ which are similar and similarly 
placed. 





B C Bf Cf 

Let the polygons ABODE and A^E'C D'E' be similar. 

From two homologous vertices, as E and E\ 

draw diagonals EB, EC, and E' B\ E' O, 

Wearetoprope AAEB, EBC, ECD 

similar respectively to A A' E' B', E' B' O, E' C Jy, 

In the A il ^^ and A' E B\ 

ZA=ZA', § 278 

(being homologous A of similar polygons), 

AA = AA, §278 

A'E A'B' 

(being hoonologous sides of similar polygons). 

.'.AAEB and A' E' B' are oimilar, § 284 

(having an /. of the one eqxial to an /. of the other, aiid tlie iticluding 
sides proportional). 

Also, ZABC=ZA'B'C, 

(being homologotcs A of similar polygons). 

ZABE = ZA'B'E, 

(being homologons A of similar A ). 

,'. Z A B C - Z A B E = Z A' B' C - Z A' B' E'. 



That is Z EBC^ZEB'G^ 
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Now 



also 



1278 



EB ^ A_B_ 

E'B' A'B' 

(peing homologous sides of similar A ) ; 

BG ^ AB_ 

B'C A' B'' 
(bidfig homologous sides of similar polygons), 

. EB _ BC . ' 

" E'B' "" WC'' 

.'. AEBC and E'B' C are similar, § 284 

{kaving an Z. of the one equal to an A of the other ^ and the itichiding sides 
proportional). 

In like manner we may prove AECD similar to A E'C'D'. 

Q. E. D. 



Pboposition XVI. Theorem. 

295. The perimeter% of two similar polygons have the 
same ratio as any two homologous sides. 
E 





Let the two similar polygons be ABODE andA'B'C'D'E', 
and let F and F represent their perimeters. 

We are to prove F : F' : : AB : A' B'. 

AB : A'B' :: BC : B'C :: CD : C B" etc. § 278 
(th^e homologous sides of similar polygons are proportional). 

.-. AB + BC, etc. : A'B' + B'C, etc. : : AB : A'B', § 266 
(m a series of equal ratios the sum of the antecedents is to the sum of the 
consequents as any antecedent is to its consequent). 



That is 



F : F' :: AB : A'B'. 



Q. E. D. 
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Proposition XVIL Theorem. 

296. The homologous altitudes of two similar triangles 
have the same ratio as any two homologotis sides. 





In the two similar triangles ABC and A' B* C, let 
the altitudes be BO and B'O'. 



We are to "prove 



BO AB 



B'O' A'B' 
In the rt. A 5 .4 and B' 0' A', 

A A=A A' § 278 

{hemg homologotts A of the similar ^ AB C and A* B* C% 

.\ABOA and A B' 0' A' are similar, § 281 

l^wo Hi A having an acute A of the one equal to an acute /.ofthe other are 

similar), 

.*. their homologous sides give the proportion 



BO ^ AB 
B'O' A'B'' 



a E. D 



297. Cor. 1. The homologous altitudes of similar triangles 
have the same ratio as their homologous ISSses. 
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In the simUar AABGmdA'B' C, 
AC ^ AB_ 
A'C A' B'' 
{the homologous sides of similar A are proportional). 

And in the similar ABOAsmd B' (y A', 

BO ^ AB_ 

B'O' ■" A'B'' 

. BO AC 



B'C A'C' 



§278 

§296 
Ax. 1 



298. Cor. 2. The homologous altitudes of similar triangles 
have the same ratio as their perimeters. 

Denote the perimeter of the first by P, and that (rf the 
second by P'. 

{(he perimeters of two similar polygons have the same ratio as any two 
homologous sides% 

But — = — ; § 296 



B'O' A'B'' 
BO P 



BfC 



Ax. 1 



Ex. 1. If any two straight lines be cut by parallel lines, 
show that the corresponding segments are proportional. 

2. If the four sides of any quadrilateral be bisected, show that 
the lines joining the points of bisection will form a parallelo- 
gram. 

3. Two circles intersect; the line AH KB joining their 
centres A, B, meets them in ZT, K, On ^ jB is described an 
equilateral triangle ABC, whose sides BC, AC, intersect the 
circles in F^ E, FE produced meets BA produced in P, Show 
that as PA is to P iT so x^f^C F to CE, and so also is PH to PB, 



I 
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Pboposition XVIIL Theobem. 

299. In any triangle the product of two sides is equal 
to the product of the segments of the third side formed by the 
bisector of the opposite angle together with the square of the 
bisector. 




Let ABAC of the AABCl be bisected by the str&i^ht 

line AD. 

We are to jn'ove BAXAC^BDXDC-\'AD\ 
Describe ih^Q ABC about ih.Q A ABC', 
produce A D to meet the circumference in E, and draw EC. 
Then in the A A BD ^xAAEC, 

Z.BAD = ZCAE, Hyp. 

AB-=AE, § 203 

(ecuik being measured by i the are A C). 

.'.AABD and A EC Are similar, § 280 

(two ^ are similar when two A of the one are eqtuil respectively to two A 
of the other). 

Whence BAj the longest side of the one, 

: EA, the longest side of the other, 

: : A />, the shortest side of the one, 

: A C, the shortest side of the other ; 

l-l-I^- 5 278 

(homologotis sides of similar A are proportional). 
.\BAXAC = EAXAD. 
But EAXAJ) = {ED ■\' AD) AD^ 

.\BA XAC = EDXAD + AD\ 

But EDXAD = BDXDC, §290 

{the segments of two chords in a O which intersect each othir are 
reciprocally proportional). 

Substitute in the above equality BD X DC fot ED X AD, 
then BAX AC = BDX DC+ Td\ 

Q. E. D. 
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Proposition XIX. Theorem. 

800. In any triangle the product of two sides is equal to 
the product of the diameter of the circumscribed circle by the 
perpendicular let fall upon the third side from the vertex of 
the opposite angle. 





Let ABC te a triangle, and AD the perpendicular 
from A to BC. 

Describe the circumference ABC about the A ABC. 

Draw the diameter A U, and draw £ C. 

We are to prove BAX AC =^ EAX AD. 

Inlhe A A B D 2Aidi A E C 

Z BDAia&Tt.Zy 

Z ECAiBBLTt. Z, 
(being inscribed in a semicircle). 

.'.ABDA=AEGA. 



AB = AE, 

(ecuih beifuf measured by i the arte A C). 
r. A ABD and il ^ C are similar, 



(pwort, 

Whence 



or. 



Cons. 
§204 

§203 

§281 

having an acute Z.of(he one eqtial to an acute Z of the other are 
similar). 

BA, the longest side of the one, 
EA, the longest side of the other, 
A Z>, the shortest side of the one, 
A C, the shortest side of the other ; 

BA _ AD 

EA AC' 

.BAXAO = EAX AD. 



§278 



Q. E. D. 
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Proposition XX. Theorem. 

301. The product of the two diagonals of a quadrilateral 
inscribed in a circle is equal to the sum of the products of its 
opposite sides. 




'— \ 



Let ABC D be any quadiilateral inscribed in a circle, 
AC and BD its diagon3,ls. 

We are to prove BBXAC^ABXCD+ADXBC. 
Construct ZABE^ZBBC, 

and add to each Z EBD. ^ 

Then in the A /I j5Z> and BCE, 

ZABD^ZCBE, Ax. 2 

and ZBDA=-ZBCE, §203 

"^^ {each being measured by i the arc A E), 

.\AABI) and BCE,&Te similar, § 280 

(ttoo Sl are similao' when two A of the one are equal respectively to two A 
of the other). 

Whence A i), the medium side of the one, 
C E, the medium side of the other, 
B /), the longest side of the one, 
B C, the longest side of the other, 
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or, 



AD _ BD^ 
{the hamolo^as sides of biniuar A arc proportional), ^ 



§278 



.\BDX QE^ADXBC. 

Again, iii the A A B£ dud BCD, 

\ AABE^ADBGy Cons. 

and Z.BAE==ZBDC, §203 

{each being measured by i o/tJie arc B C). 

.\ A ABE and BCD VLve similar, § 280 

{two ^ are similar when two A qf the one are equal respectively to two A 
of the other), , 



or, 



Whence A B, the longest side of the one, 
BDy the longest side of the other, 
A M, the shortest side of the one, 
CD, the hottest side of the other. 

AB ^ AE 
BD . CD' 

{the homologous sides qf similar ^ are proportional), 

.\BDX AE = ABX CD. 
But BDXCE-=ADX BC. 

Adding these two equalities, 

BD{AE+ CE) = ABX CD'\- ADX BC, 
or BDXAC = ABXCD-hADXBC. 



J 



§278 




lD. 



Ex, If two circles are tangent internally, show that chorda 
of the greater, drawn from the point of tangency, are divided 
proportionally hy the circumference of the less. 
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On Constructions. 
Proposition XXL Problem. 
802. To divide a given straight line into equal parts. 

A^, -. 7 ^B 

/ 



^ / 



Let AB be the given straight line. 

It is required to divide A B into equal parts. 

From A draw the indefinite line A 0. 

Take any convenient length, and apply it to -4 as many 
times as the line ^1 ^ is to be divided into parts. 

From the last point thus found on -4 0, as C, draw C B. 

Through the several points of division on j4 draw lines 
II to GB. 

These lines divide A B into equal parts, § 274 

(if a aeries of Ws intersecting any two straight lilies^ intercept equal parts 
onoTieof these lines, they intercept equal parts on the other also), 

Q. E. F. 



Ex. To draw a common tangent to two given circles. 

I. When the common tangent is exterior, 

II. When the common tangent is interior, / 
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Proposition XXII. Problem. 

803. To divide a given straight line into parU pro^ 
portional to any number of given lines. 

H K B 



\ 


n 


■v. 





-JC 





^^^''-<\ 

E^--^.^ 



Let A B, m, n, and o be given straight lines. 

It is required to divide A B into parts proportumal to the 
given lines m, n, and o. 

Draw the indefinite line A X. 

On AX take AC = m, 

CE = n, 

and EF=^o. 

Draw FB, From E and C draw E K ^ndiC H W io F B. 
K and U are the division points required. 

For (1^) = ^=^=^, §275 

XA'EI AG CE EF' ^ 

(a line dravm throiigh two sides of a A W to the third side divides those 
sides proportionally), 

.'.AH : HK : KB :: AC '. CE I E F. 
Substitute m, n, and o for their equals AC, C E, and E F, 
Then A H : HK : KB : : m : n : o. 

Q. E. F. 
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Proposition XXIII. Problem. 

301. To find a fourth proportional to three given 
straight lines, 

B F w. 






' R 



Lot the three given lines be m, n, and o. 

It is required to find a fourth proportional to m, n, and o. 

Take A B equal to n. 

Draw the indefinite line A B, making any convenient Z. 
with A jJ. 

OuAE take AC = m, and S ^ o. 

Draw CB. 

From S draw SF W to CB, to meet A B produced at F. 

B F 18 the fourth proportional required. 

For, AC : AB :: CS : BF, § 275 

(a line drawn through two sides of a AW to the third ^de divides those sides 
proportionally). 

Substitute m, w, and o for their equals AC, AB, and CS, 

Then m : n : : o : BF. 

Q. E. F. 

~~^ _- 
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Proposition XXIV. Problem. 

805. To find a third proportional to two given straight 

lines. 

A 

/ N\ ^ ^ 



Let A B and AC he the two given straight lines. 

It is required to find a third proportional to AB and A C. 

Place A B and -4 C so as to contain any convenient Z. 

Produce ABio D, making BD = AG. 

Join BO, 

Through I) draw'i) E W to BC to meet A produced at E. 

CE ia& third proportional to -4 ^ and AG. § 251 



For, 


AB 
BD 


AG 
GE' 


§275 


{a line drawn through 


two sides of a A II to tA« third side divides those sides 
prapertioruUly). 


Substitute, in 


the above 


equality, A G for its equal 


BD; 


Then 


AB 

AG 


AO 

~ GE' 





or, AB : AC :: AC : CE. 

Q. E. F. 



)f 
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Proposition XXV. Problem. 

306. To find a mean proportional between two given 
lines. 

H 




C B 

Let the two given lines he m and n. 

It is required to find a mean proportional between m and n. 

On the straight line A E 

take AC ^^m, and C B = n. 

On il J? as a diameter describe a semi-circumference. 

At C erect the ± C H. 

CHiati mean proportional between m and n. 

Draw HB and UA. 

HheZAHBiBBL rt. Z, § 204 

(being inscribed in a semicircle), 

and ffC IB a ± let fall from the vertex of a rt. Z to the 

hypotenuse. 

.'.AC : Cff :: CH : CB, §289 

(t?ie ± let fall from ^ vertex ofthert. Z to the hypotenuse is a mean pro- 
portionSi between the segments of the hypotenuse). 

Substitute for A C and C B their equals m and n. 

Then * m : CH : : CH : n. ^ ^ p 

307. Corollary. If from a point in the circumference a 
perpendicular be drawn to the diameter, and chords from the point 
to the extremities of the di^imeter, the perpendicular is a mean pro- 
portional between the segments of the diameter, and each chord is a 
mean proportuynal between its adjacent segment and the diameter. 
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Proposition XXVI. Problem. 

3; 8. To divide one side of a triangle into two jparts 
proportional to the other two sides. 




% 



B E 

Let ABC he the triangle. 

It is required to divide the side B G into ttoo such parts that 
the ratio of these two parts shall equal the ratio of the other two 
sides, A C and A B. 

Produce GAtoF, making AF = AR 
Draw FB, 
From A draw A F W to FB. 

E is the division point required. 

{a line dravm through tvx) aides of a t:^\\ to the third side divides those sides 
propoi'tiqncUly), 



Substitute for ^ i^ its equal A B. 

GA _ CE 
AB "" EB' 



Then ^^ ^^ 



Q. E. F. 

309. Corollary. The line A E bisects the angle GAB. 

For /LF = /.ABF, /.l^/,^ §112 

(beirig opposite equal sides), y / r y /T 

ZF=ZGAS, ^i^^h- §70 
{beirig ext,-int, A ). 4^^ 

ZABF=^ZBAE, ^^lo^h^ §68 

(being alt. -int. A ). 

\\ZGAE = ZBAe! ' Ax. 1 

310. Dep. a straight iine is said to be divided in extreme 
and mean ratio, when the whole line is to the greater segment 
as the greater segment is to the less. 
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Proposition XXVIL Problem. 
311. To divide a given line in extreme and mean ratio. 



\ 






\ 



\ 



/ 



H B 

Let AB be the given line. 

It 18 required to divide A B in extreme and mean ratio. 

At B erect a J_ ^ (7, equal to one-half of A B. 

From (7 as a centre, with a radius equal to C By describe a O. 

Since A B \^ 1. to the radius C B at its extremity, it is 
tangent to the circle. 

Through C draw A D, meeting the circumference in E and D. 

OjiAB take A H -= A E. 
H is the division point of A B required. 

For AB : AB :: AB : AE, § 292 

{iffro7n apoirU without the circumference a secant and a tangent be drawn, 
the tangent is a mean proportional between the wJiole secant and the part 
UrUhout the circumference). 



Then AD — AB 



AB-AE:AE. § 265 
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Since AB = 2CB, Cons. 

and ED=^2CB, 

{(he diameter of aO beiiig tvrice the raditis), . 

AB=-ED. Ax. 1 

.'.AD — AB^AD-ED^^AE. 

But AE = AH, Cons. 

.\AD- AB = AH. Ax. 1 

Also AB-AE = AB-AH==HB. 

Substitute tliese equivalents in the last proportion. 

Then AE : AB :: BB : AH. 

Whence, by inversion, AB : AH :: AE : HB. § 263 

.'. AB is divided at J7 in extreme and mean ratio. 

Q. E. F. 

Remark. ^ ^ is said to be divided at H, inteinialli^, in 
extreme and mean ratio, li BA be produced to H', making 
A H' equal to AD, A B is said to be divided at H', externally, 
in extreme and mean ratio. 

Prove AB : AH :: AE : H B. 

When a line is divided internally and externally in the 
same ratio, it is said to be divided harmonicaUy, 

Thus JB d f f ^ is divided harmoni- 
cally at (7 and A i^ C' il -.CB.iDA iDB; that is, if the ratio 
of the distances of G from A and B is equal to the ratio of the 
distances of D from A and B, 

This proportion taken by alternation gives : 

AC \AD\:BC :BD ; that is, C D is divided harmoni- 
cally at the points B and A. The four points A, B, C, D, are 
called harmonic points ; and the two pairs A, B, and C, D, are 
called conjugate pdints. 



Ex. 1. To divide a given line harmonically in a given ratio. 
2. To find the locus of all the points whose distances from 
jtwo given points are in a given ratio. 
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Proposition XXVIIL Problem. 

312. Upon a given line homologous to a given side of a 
given polygon, to construct a polygon similar to the given 
polygon, 

E 





B C 

Let A^ E' be the given line, homologous to A E of the 
given polygon ABODE, 

It is required to construct (m A' E' a polygon similar to the 
given polygon. 

From E draw the diagonals EB and EC, 

From E' draw E' B', making A A' W B' -=^ A AEB, 

Also from A' draw A'B', making Z B' A' E' = A BAE, 

and meeting E' B at B', 

The two A ^ ^ j^ and A' B' E' are similar, § 280 

{piDO ^ are similar if they have two A of the one equal respectively to two A 
of ike other). 

Also from E' draw E'C, making /. B' E' C = /. B E G. 

From B' draw B* C, making A E' B' C ^ Z. EBCy 

and meeting E' C at C, 

Then the two A EBC and E^ B' C are similar, § 280 
{two ^ are similar if they have two A of the one equal respectively to two A 
of the other). 

In like manner construct A E' C D* similar to A EG D, 

Then the two polygons are similar, § 293 

(puxi polygons composed of the same nurriber of A similar to each other and 
similarly placed, are similar). 

.\ A* B' G' D' E' is the required polygon. 

Q. E. F. 
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Exercises. 




1. ABCisB, triangle inscribed in a circle, and B D is drawn 
to meet the tangent to the circle at A in Z>, at an angle A BD 
equal to the angle ABC; show that -4 C is a fourth propor- 
tional to tbfe lines B D, A D, A B, 

2. Show that either of the sides of an isosceles triangle is a 
mean proportional between the base and the half of the. segment 
of the base, produced if necessary, which is cut off by a straight 
line drawn from the vertex at right angles to the equal side. 

3. ^ ^ is the diameter of a circle, D ^y point in the circum- 
ference, and C the middle >point of ihe arc A I), li AC, A D, 
BC he joined and A D cut BQ in E, show that the circle cir- 
cumscribed about the triangle A MB will touch A C and its 
diameter will be a third proportional to B C and A B. 

4. From the obtuse tingle of a triangle draw a line to the 
base, which shall be a mean proportional between the segments 
into which it divides the base. 

5. Find the point in the base produced of a right triangle, 
from which the line drawn to the angle opposite to the base 
shall have the same ratio to the base produced which the per- 
pendicular has to the base itself. 

6. A liiie touching two circles cuts another line joining their 
centres ; show that the segments of the latter will be to each 
other as the diameters of the circles. 

7. Eequired the locus of the middle points of all the chords 
of a circle which pass through a fixed point. 

8. is a fixed point from which any straight line is drawn 
meeting a fixed straight line at P ; in P a point Q is taken 
such that O^istoOPin a fixed ratio. Determine the locus 
o{ Q. 

9. is a fixed point from which any straight line is drawn 
meeting the circumference of a fixed circle at P ; in P s. point 
Q is taken such that $ is to OF in a fixed ratio. Determine 
the locus of Q, 
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BOOK IV. 

COMPABISON AND MEASUREMENT OP THE SUR- 
FACES OF POLYGONS. 

Proposition I. Theorem. 

313. Two rectangles having equal altitudes c^re to each 
other as their bases. 






Let the two rectangles be AC and A F, having the 
the same altitude A D. 

„, ^ rect. AC AB 

We are to prove — - = . 

^ rect. AF AB 

Case I. — fVTi&n A B and A E are commenswrdble. 
Find a coramon divisor of the bases A B and AE, aa AO. 
Suppose ^ to be contained in ^4 ^ seven times and in 



A E four times. 
Then 


AB _7 
AE 4 






At the several points of division 


on AB and A E erect -k . 


The rect. 


A C will be divided into seven rectangles, 


and rect. 


A F will be divided into four 


rectangles. 


These rectangles are all equal, for they 
each other and will coincide throughout. 


may be applied to 




. red AC 


7 






' ' TectAF~ 


4 




But 


AB 
.AE "" 


7 
4' 






rect AC 


AB 


. 




vectAF 


AE 


J \(\ 
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D 



Case 1 1. — Whe^i A B and A E are, incom7ne7isif,rdble. 
C D 



H 



I 



Divide A B into any number of equal parts, and apply one 
of these parts to -4 ^ as often as it will be contained in A E. 

Since A ^ and A E are incommensurable, a certain number 
of these parts will extend from ^ to a point K^ leaving a re- 
mainder KE less than one of these parts. 

J^i^yf KHWto EF. 

Since A B and ^ ^ are commensurable, 

^^<^-^-^ = ^, Ca^e 1 

rect. ^(7 AB 

Suppose the number of parts into which ^ ^ is divided to - 
be continually increased, the length of each part will become less - 
and less, and the point K wjll approach nearer and nearer to E. 

The limit of -4 ^ will be A E, and the limit of rect. A H 
will be rect A F, 

.'. the limit of — will be ij?, 
A /J AB' 

and the limit of ^J±A^ will be ^^^*- ^ ^ 



rect. A 



rect. A C 



Now the variables - — and '. are always equal 

A B rect. ' ^ ^ ^ 



AC 
however near they approach their limits ; 

rect. A F 



\ their limits are equal, namely, 



rect. A G 



AE 
AB' 



199 



a E. D. 
314. Corollary. Two rectangles having equal bases are 
to each other as their altitudes. By considering the bases of 
these two rectangles A D and A D, the altitudes will be -4 ^ and 
A E. But we have just shown that these two rectangles are to 
each other as ii -6 is to -4 ^. Hence two rectangles, with the 
same base, or equal bases, are to each other as their altitudes. 
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Another Demonstration. 
Let A C and A' C he two rectangles ol equal altitudes. 
PC a Pf 



F E D A A' D' E' F' G' 

rect. AC AD 



We are to prove 



rect. A' C A' D' 



Let h and 6', S and ;S'' stand for the bases and areas of these 
rectangles respectively. 

Take A D, D E, E F . . . . tw in number and all equal, 

and A' D', D' E', E' F, F G' . . . . n'm number and all equal. 

Complete the rectangles as in the figure. 

Then base AF = mh, 

and base A^ G' = nb' ; 

rect. AF = mS, 
and TectA'F=nS\ 

Now we can prove by superposition, that if ^ ^ be > ^' G^, 
rect. A F will be > rect. A^ F ; and if equal, equal ; and if less, 
less. 

That is, if m6 be > w6', mS is > nS^ ; and if equal,) 
equal ; and if less, less. 



Hence, 



b : 1/ :: S : S', EucHd's Def., § 272 

a E. D. _ 
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Proposition IL Theorem. 

315. Two rectangles are to each other as the product of 
their bases by their altitudes. 




a) 



'ri-X 



a' 



S 



h V h 

Let R and R' he two rectangles, having for their bases 
b and h\ and for their altitudes a and a\ 
R_ aXb 
R' 



We are to xyrove — - = 



§314 



313 



a' Xb' 

Construct the rectangle S, with its base the same as that 
of R and its altitude the same as that of R', 

(reelangles having the lame base are to each other as their aUitndet) ; 

A S h 

{rettangles having the same altitude are to each other as their boMs), 
By multiplying these two equalities tcjgether 

R _ aX b 

R' "" a' X 6' ' 

a E. D. 

316. Dbp. The Area of a surface is the ratio of that surface 
to another surface assumed as the unit of measure. 

317. Dbp. The Unit of meamire (except the acre) is a square 
a side of which is some linear unit ; as a square inch, etc. 

318. Def. Equivalent figures are figures which have equal 
areas. 

Ebm. In comparing the areas of equivalent figures the 
symbol ( = ) is to be read "equal in area." 
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Proposition IIL Theorem. 

319. The area of a rectangle u equal to the product 
of its base and altitvde. 




1 U 



h 1 

Let E be the rectangle, b the base, and a the alti- 
tude; and let U be a square whose side is the 
linear unit. 

We are to prove the area of R = a X b. 

R _ aXb 

u ■" Fxl ' 

{tax) rectangles are to eacJi other as the product of their bases avid aUitudes). 
R 



But 



U 



is the area of R, 



§ 315 
hides)* 
§ 316 



". the area of R = aX b. 



Q. E. D. 



320. Scholium. When the base and altitude are exactly- 
divisible by the linear unit, this proposition is rendered evident 
by dividing the figure into squares, each equal to the unit of 











1 

• 












1 





measure. Thns, if the base contain seven linear units, and the 
altitude four, the figure may be divided into twenty-eight 
squares, each equal to the unit of measure; and the area of 
the figure equals 7X4. 
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Proposition IV. Theorem. 

321. The area of a j^arallelogram is equal to the product 
of its base and altitude. 

BE C F B C E F 




A D 

Let AE FD be a parallelogram, A D its base, and C D 
its altitude, . 

We are to prove the area of the O A E F D = A D X C D. 

From A draw A B W to D C iiO meet FE produced. 

Then the figure ABC D will be a rectangle, with the same 
base and altitude as the EJ AE F D. 

In the rt. A ^ ^ -£' and CD F, 

AB^CD, §126 

Q)eing opposite sides of a rectangle), 

and AE^DF, §134 

(being opposite side3 of a CJ)\ 

.\AABE=^ACDF, §109 

(piDO rt, A are equal, when tJie hi/potenuse and a sida of the one are equal 
respectively to the hypotenuse and a side oftlve other). 

Take away the A CDF and we have left the rect. ABC D, 

Take away the A ^ ^ ^ and we have left the O AEFD. 

.-. rect. ABC D = n A EFD. Ax. 3 

But the area of the rect. ABCD-=ADXCD, §319 
(the area of a rectangle equals the product of its base and altitude), 

.-. the area of the O A EFD = A D X C D, Ax. 1 

Q. E. D. 

322. Corollary 1. Parallelograms having equal bases and 
equal altitudes are equivalent. 

323. Cor. 2. Parallelograms having equal bases are to 
each other as their altitudes ; ])arallclograms having equal alti- 
tudes are to each other as their bases ; and any two parallelo- 
grams are to each other as the products of their bases by their 
altitudes. 
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Proposition V. Theorem. 

324. The area of a triangle is equal to one-half of the 
product of its base hy its altitude. 



Let ABC be a tziangle, AB its base, and CD its 
altitude. 

We are to prove the area of the AABC = ^ABXCD. 

From C draw CffWtoAB. 

Prom A draw A H}ii to BG. 

The figure ABC His a parallelogram, § 136 

(having its opposite sides parallel), 

and -4 (7 is its diagonal. 

.\AABC = AAHG, § 133 

(the diagonal ofaCJ divides it into ttoo equal A ). 

The area of the EJ ABC H is equal to the product of its 
base by its altitude. § 321 

.•. the area of one-half the O, or the A A B C, is equal to 
one-half the product of its base by its altitude, 

or, ^ABXGD.. 

Q. E. D. 

325. Corollary 1. Triangles having equal bases and equal 
altitudes are equivalent. 

326. Cor. 2. Triangles having equal bases are to each other 
as their altitudes; triangles having equal altitudes are to each 
other as their bases ; any two triangles are to each other as the 
product of their bases by their altitudes. 
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Proposition YI. Theorem. 

327. The area of a trapezoid u equal to one-half the 
mm of the parallel aides multiplied hy the altitude, 
HE C 




A F B 

Let ABC ff be a trapezoid, and EF the altitude. 

We are to prove area of ABC R^ \ (HG -^ AB) E F. 

Draw the diagonal A C. 

Thenthe aie&oithe A A ffC=iHGX EF, § 324 

(the area of a A is equal to ane-kalf of the product of its base by 'Us altitude), 

and the area of the A ^ ^ C = J ^ -5 X EF, § 324 
.\AAEC+ AABC, 
or, BxesLoiABCH=^^{HC+AB)EF. 

Q. E. D. 

328. Corollary. The area of a trapezoid is equal to the 
product of the line joining the middle points of the non-parallel 
sides multiplied by the altitude ; for the line P, joining the 
middle points of the non-parallel sides, is equal to i (If C 
^AB). §142 

.'.by substituting OP foT ^(ffC + A B), we have, 
the area of ABCII=OFX E F. 

329. Scholium. The area 
of an irregular polygon may be 
found by dividing the polygon 
into triangles, and by finding 
the area of each of these tri- 
angles separately. But the 
method generally employed in 
practice is to draw the longest 

diagonal, and to let fall perpendiculars upon this diagonal from 
the other angular points of the polygon. 

The polygon is thus divided into figures which are right 
triangles, rectangles, or trapezoids ; and the areas of each of these 
figures may be readily found. 
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Proposition VII. Theorem. 

330. The area of a circumscribed polygon is equal to one- 

half the product of the perimeter by the radius of the in-^ 

scribed circle. 

B 



O, 




8 



Let ABSQy etc., be a circumscribed polygon, and O 
the centre of the inscribed circle. 

Denote the perimeter of the polygon by F, and the radius 
of the inscribed circle by B, 

We are to prove 

ihe area of the circumscribed polygon = ^ P X B. 

fhsLYT C A, CB,CSy etc,; 

also draw CO, CD, etc., ± to AB, BS, eta 

. Theareaofthe A Cil5 = J^^X CO, §324 

(ihe area of a A is equal to one-half the product of its base arid altitude). 

The&tesiof ihe A CBS=^^BSX CD, 5 324 

.•. the area of the sum of all the A CAB, CBS, etc., 
= i(AB'\' BS,etc,)CO, 

{for 00, OD, etc., are equal, being radii of the same 0). 

Substitute for AB + BS -{- SQ, etc., P, and for CO,B; 

then the area of the circumscribed polygon = | P X R. 

Q. E. D. 
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Proposition VIIL Theorem. 

331. The sum of the squares described on the two sides 
of a right triangle is equivalent to the square described on the 
hypotenuse. ^ 




^^ 



Let ABC be a Tight triangle with its light angle at C. 
We are to prove i^*+ (JT? = rS" 



Draw GO ±to A B, 

Then ATf = AOXAB, 



§289 



(the square an a side of art A is equal to the product of the hypotenuse by 
the duyacent segment made by the _L let fall from tlie vertex ofthert, Z) ; 



and Fu^ = BOXAB, 

By adding, Alf + Blf= {A0 + BO)AB, 
= ABXAB, 

= jrff. 

332. Corollary. The side and diagonal 
of a square are incommensurable. 

Let ABGD he a square, and AC the 
diagonaL 

Then Al^ ^ Elf =^ IJf, 

or, 2 rff = A(f. B 

Divide both sides of the equation by J~S^, 



§ 289 



Q. E. D. 




= 2. 



AF 
Extract the square root of both sides the equation, 

then !£^ = 4/ 2" 



Since the square root of 2 is a number which cannot be 
exactly found, it follows that the diagonal and side of a square 
are two incommensurable lines. 
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Another Demonstration. 

333. The square described on the hypotenuse of a right 
triangle is equivalent to the sum of the squares on the other 
two sides. 








D L E 

Let ABC be & zight A, having the Tight angle BAG. 

We are to prove. SV^ = F2^ + AG^. 
OnBCy CA,AB construct the squares B H, Cff, A F. 
Through A draw ii Z II to C E. 
Dv&w ADoxidiFC. 
Z BACia&Tt. Z, 
and Z BAG is&rt. Zy 

.', C AG ia a, straight line. 
Also Z C AH iasLTt, Z, 

,\ B A H ia a straight line. 



Hyp. 

Cons. 

Cons. 



Now 



Z DBG = Z FBA, 

(ecuih being art. Z). 



Cons. 
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Proposition XXL Theorem. 
339. The sum of the squares on the four sides of any 
quadrilateral is equivalent to the sum of the squares on the 
diagonals together with four times the square of the line 
joining the middle points of the diagonals, 
A 




In the quadrUateral A BCD, let the diagonals be AC 
and B D, and FE the line Joining the middle 
points of the diagonals. 
We are to prove 

JT^ 4- Bl? 4- (Tff 4- ^ = AC^ 4- BT? 4- 4 El^' 
DxQ.^ B E Midi D E. 
Now JTff + WC^^2 (^)' + 2 Ft^, § 338 

(fhe sum of the squares on the two sides of a A is equivalent to twice the square 
on half the base increaaed by twice the square on the medial line to the base), 

and (n? + I7T = 2 (^^V + 227J*. § 338 

Adding these two equalities, 

But . ET!' + 5^ = 2 (^y + ^WT^, § 338 

(fhe sum of the squa/res on the two aides of a l^ is equivalent to tivice the square 
on half the base increased by twice the square on the medial litie to the base). 

Substitute in the above equality for {B E^ 4- DE^) its 
equivalent ; 

then i^ 4- -JC' 4- ??25^ 4-^^ = 4(4^^4(^)^4-4.0^ 

= AG^ 4- BD^ 4- 4 Elf^ 

Q. E. D. 

340. Corollary. The sum of the squares on the four sides 
of a parallelogram is equivalent to the sum of the squares on the 
diagonals. 
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Proposition XIII. Theorem. 

341. Two triangles having an angle of the one equal to 
an angle of the other are to each other as the jprodticts of the 
sides including the eqtial angles. 




Let the triangles ABC and AD E have the common 
angle A. 

We are to prove 

Dmw BE. 

Now AABC ^AC 5 32^ 



AABC 


A.BX 


AC 


i\ADE 


ABXAE 


AABC 


AG 




AABE 


- AE' 




s aUitude are 


to each other 


asth 


AABE 
AADE 


AB 
AD' 





Also ^^^^== fL^, §326 

AADE AD' ^ 

(A having the same altUvde are to each other as their hoses). 
Multiply these equalities ; 

AABC _ ABXAO 



then 



AADE ADXAE 



aE.D. 
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Proposition XTV. Theorem. 
342. Similar triangles are to each other as the squares 
on their homologates sides, ' 





^ ^ Of ~ ^ 

Let the two tiisn^gles be AC B and A'C'Bf. 

Draw the perpendiculiirs C and C C. 

rp. AACB ABXCO AB ^ CO 

Then -___ = -..-....__. = _ X ^^, 



We are to prove 



AA'G'B' A'SfyiC'C 
(tnoo A. are to each other as the j)roduct8 of their bases by their altitudes), 

AB ^ GO^ 
A'B "" C^ 



326 



But 



§297 



(the homologotis aUitttdes of similar A have the same ratio as their homolih 
gous bases). 

CO A B 

Substitute, in the above equality, for — — its equal - — : 
» ^ ^' C'C A' Bf 



then 



AB AB __. A^ 
X = 



AACB 
AA'C'Bf~ A'Bf "" A'& £r^' 



Q. E. D. 
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Proposition XV. Theorem. 

348. Two similar polygons are to each other as the 
squares on any two homologous sides, 
B C 






F E 

Let the two similar polygons be A B C, etc., and 

A'BC, etc. 

™. ^ ABCy etc. Jn^ 
We are to prove 1 = . 

A'B'Cetc. £^ 
From the homologous vertices A and A' draw diagonals. 



Now 



AB BC CD . 

= = , etc., 

A'B' B'O CD' 



(similar polygons have their homologous sides proportional) ; 



.•.by squaring, 



ATb''^ WV^ (TIP 



, etc. 



The ^ABCyA CD, etc., are respectively similar to A'B'C, 

A' CD', etc., §294 

{two similar polygons are composed of the sam>e number of ki similar to each 
other and similarly placed). 



AABC 



re 



AA'B'C A^'^ 
(similar k. are to each other as tJie squares on their homologous sides), 



§342 



and 



AA'CD' 



X 



CD'' 



§ 342 
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But -^ = i^ , 

. AABC AACB 



AA'B'C AA'G'iy 

In like manner we may prove that the ratio of any two of 
the similar A is the same as that of any other two. 

. AABC AAGD AADE AAEF 



AA'B'C AA'C'jy AA'D'E' AA'E'F' 

. ^ABC-^ AGD-^ ADE^ AEF _ AABC 

^ A' B' C + A' G' I)' + A' D' E' -\' A' E' F' '^ A A' B' C' 

(in a series of equaZ ratios the sum of the antecedents is to the sum of the 
consequerUs as any antecedent is to its consequent). 





AA'B'G' II S^ 


f 


J " 


(similar A 


are to each other as the squares on their homologous sides) ; 




the polygon ABGy etc. 


i^ 




> 


the polygon^' jB' C", etc 


£^'*' 






• > 




Q. e. D. 



344. Corollary 1. Similar polygons are to each other as 
the squares on any two homologous lines. 

^45. Cor. 2. *The homologous sides of two similar poly- 
gons have the, sa^e ratio as the square roots of their areas. 

Let S and S^ represent the areas of the two similar polygons 
A B G, etc., and A^ B' C, etc., respectively. 

Then S I S^ :: AlP : ^^^'^ 

(similar polygons are to each other xis the squares of their homologous sides)* 

y/S : }/^ :: AB : A' B', § 268 

or, AB : A' B' : : yfS : ^. 
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On Constructions. 

Proposition XVL Problem. 

346. 2b construct a square equivalent to the sum of two 
giveft squares. 




s 



Let R and R' be two given squares. 
It is required to construct a square ^ R+ R\ 
Construct the rt. Z A, 

Take A B equal to a side of R, 

and A C equal to a side of R'. 

Diavr BC\ 

Then £ C will be a side of the square required. 

For Tc^-^-AB^ + TC^, § 331 

{the square on the hypotenuse of a rt. A is equivalent to the sum of the 
squares on the two sides). 

Construct the square 8y having each of its sides equal 
to BC. 

Substitute for B^, JH^ and £^, S, R, and R' re- 
spectively ; 

then aS'=7? + ^'. 

.*. *S^ is the square required. 

Q.e. P. 
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Proposition XVII Problem. 

347. To construct a square equivalent to the difference 
of two given squares. 



R 




--^^'-X 



i^ i 



Let R be the smaller square and R' the larger. 
It is required to construct a square = R' R. 
Construct the vi, Z A. 

Take A B equal to a side of 7?. 

From 5 as a centre, with a radius equal to a side of R^ 

describe an arc cutting the line AX dX C, 

Then A G will be a* side of the square required. 

For draw B C 

Al^ + jr^=^B7^, 5331 

(the sum of the sqitarea on the two sides of a rL^A is equivalent to the square 
on the hypotenuse). 

By transposing, J^ — B^ — J^, 
Construct the square S, having each of its sides equal to A C, 

Substitute for J^C^ FC^, and A^, S, R\ and R re- 
spectively ; 



then 



S^R'-R. 

> S is the square required. 



0. E. F. 
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Proposition XVIII. Problem. 

348. To construct a square equivalent to the sum of any 
number of given squares. 

// 

A \ 

o / ^-x \ \ 

CU^^ \ \ \ 



P- 
r- 



K 



Let m, n, o, /?, r be sides ot the given squares. 
It is required to construct a square = m^ + ?i* + o^ + jt>' + r*. 
Take AB=m. 

Draw AC =^7i and A-io AB 2X A. 
Draw B C. 
Draw CE^o and JL to ^ C at C, and draw BE. 
Draw ^/^ = JO and ± to 5 ^ at ^, and draw BF. 
Draw FH = r and ± to ^^ at F, and draw B H. 
The square constructed on B ff is the square required. 

For £^ = FH^ + 57^, 

= F13^ + ET^ + E^, 

= FH^ + Ey^ + Elf-{' (Tff, 

= FTP + E1^^'E^ + c73^ + il?, §331 

(fJie sum of (he squares on two sides of a rt, ^is equivalent to the square 
on the hypotenuse). 

Substitute for AB, C A, EC, E F, and FH, m, n, o, p, 
and r respectively; 

then FH^ = m^ 4- /i« + o« + y + r*. 

Q. E. F. 
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Proposition XIX. Problem. 

349. To construct a polygon similar to two given similai 
polygons and equivalent to their sum. 




Let R and R' be two similar polygons, and A B and 
A' B' two homologous sides. 

It is required to construct a similar polygon equivalent to 
R + R'. 

Construct the rt. Z. P. 

Take PH =- A' B', and PO =- AB. 

BrsLW OK 

iBkQ A" B'' =^ H. 

Upon A" B"^ homologous to A By construct the polygon R" 
similar to R, 

Then R" is the polygon required. 

For R' : R :: A^B^ : £^, § 343 

{p/mUar polygmw are to each other as the squares on their homologous sides). 

Also R" : R' :i ITEf^ : A!^, 

In the first proportion, by composition, 

R'-\- R : R' :: X^ + JTff : ATEf^, 
FTP + P7J' : iTT", 
ITO'' : F^. 
But R'* : R' :: UH^^ : AHB^, 

: ETP : F^. 
R" : R' :: R^ + R : R^ ; 
.-. R" = R^ + R. 

Q. E. F. 



§ 343 
§264 
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Proposition XX. Problem. 

350. To construct a polygon similar to two given similar 
polygons and equivalent to their difference. 




/ 

JJ Bf A B A^' Bii 

Let R and R' be two similar polygons, and A B and 
A' B' two homologous sides. 

It is required to construct a similar polygon which shall 
be equivalent to R' — R. 

Construct the rt. Z P, 

and take P0 = ^^. 

From as a centre, with a radius equal to A' B'^ 

describe an arc cutting FX a,t ff. 

Draw H, 

TQkQA"B" = PIL 

On A" B", homologous to A B, construct the polygon R" 
similar to R. 

Then P" is the polygon required. 

For R' : R :: A'^ : uO^, § 343 

(similar polygons are to each other ow the squares on their homologous sides). 

Also R" : R :: FW : jfff. § 343 

In the first proportion, by division, 



R'-R : R :: JTW ~ A^^ : -TS*, 

But R" : R :: i^Tfi^ : iO^, 

R" X R :: R'- R . R, 
.-. R" -=R' — R, 



§ 265 



Q.E. F. 
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351. 
polygon. 



Proposition XXI. Problem. 

To construct a triangle equivalent to a given 
C D 




I A E F 

Let ABC D HE be the given polygon. 

It is required to construct a triangle equivalent to the given 
polygon. 

From D draw D E, and from H draw HF II to D E. 

Produce AEXo meet HFQ,t F, and draw D F, 

The polygon ABODE has one side less than the polygon 
ABC D HE, but the two are equivalent. 

For the part ABC D E \% common, 

and the A D EF = A Z> ^ J7, for the base DE\a common, 
and their vertices i^and H are in the line FH II to the base, § 325 
(^ having the same base and equal aUiiudes are equivalent). 

Again, draw C F, and draw DK II to CF to meet AF 
produced at K, 

Draw CK. 

The polygon ABC K hs^s one side less than the polygon 
ABC D F, but the two are equivalent. 

For the part ABC F\& common, 

and the A C FK = A CFD, for the base C F \a common, 
and their vertices K and i> are in the line KD II to the base. § 325 

In like manner we may continue to reduce the number of 
sides of the polygon until we obtain the A C IK, 

a E. F. 
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Proposition XXIL Problem. 

3512. To construct a square which shall have a given 
ratio to a given square, 

/ / 1 \\ 




n ji k.-: -1- ^:i c 

n 
Let R be the given square, and - the given ratio. 

m 

It is required to construct a square which shall he to E as 
n is to m. 

On a straight line take AB=^m, and BG ^n. 
On AG as Si diameter, describe a semicircle. 
At B erect the ± ^ >S^, and draw SA and JSG. 

Then the A ii /S'C is a rt. A with the rt. Z at >S^, § 204 
{being inscribed in a semicircle,) 

On SAy OT SA produced, take S£ equal to a side of B, 

Draw UF II to ^1 C. 

Then SF is a, side of the square required. 

For ^ = §1' §289 

{the sqiiares on the sides of art. A have the sanie raiio as the segments of the 
hypotenuse mxxde by the 1. let fall from the vertex of the rt, Z). 

Also — = 41, § 275 

SG SF' * 

(a straight line drawn thr<mgh two sides of a A, parallel to the third side, 
divides those sides proportionally). 

Square the last equality ; 

then ^ = ^. 

Substitute, in the first equality, for its equal --— - ; 

SD^ SF^ 

then ^ = ^ = :^, 

^^2 BG n 

that is, the square having a side equal to SF will have the 
same ratio to the square R, o&n has to m, 

Q. E. F. 
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Proposition XXIII. Problem. 

353. To construct a polygon similar to a given polygon 
and having a given ratio to it. 





Jz. L_:^e \ ' I 

^ V ,/ 

n — : A' Bf 

n 
Let E be the given polygon and - the given ratio. 

m 

It is required to construct a polygon similar to R, which 
shall he to R as n is to m. 

Find a line, A' B'^ such that the square constructed upon it 
shall be to the square constructed upon A ^ as 9i is to m. § 352 

Upon A' B' 2A 2k side homologous to A B, construct the 
polygon S similar to R, 

Then S is the polygon required. 

(similar polygons are to each other as the squares on their homologous sides). 

But ^^ = - ; Cons. 

A^ ^ 

.-. - = ^ , or, S : R :: n : m. 
R tfi 

Q. E. F* 
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Proposition XXIV. Problem. 

354. To construct a square equivalent to a given paral- 
lelogram. 

P 

c r 1 /'"T^ T\ 

I 



R 



I / i I \ 



A i D " ' ^' -^- -^ -^-^ 

Let A BCD be a paiallelogiam, b its base, and a its 
altitude. ^ 

It is required to construct a square = EJ AB &D, 

Upon the line MX take MN = a, and iT O = h. 

Upon if as a diameter, describe a semicircle. 

-At N erect N PI. to MO. 

Then the square R, constructed upon a line equal to iVP, 
is equivalent to the O ABC D, 

For MN : NP i: NP : NO, § 307 

{a ± let fall from any point of a circumference to the diameter is a m>ean 
proportional between the segment of the diameter). 

.-. NJ^ = MN X NO=-aXb, § 259 

(the prodtcd of the m£ans is equal to the product of the extrem£s). 

Q. E. F. 

355. Corollary 1. A square may be constructed equiva- 
lent to a triangle, by taking for its side a mean proportional 
between the. base and one-half the altitude of the triangle. 

356. Cor. 2. A square may be constructed equivalent to 
any polygon, by first reducing the polygon to an equivalent tri- 
angle, and then constructing a square equivalent to the triangle. 
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Proposition II. Theorem. 

365. I. A circle may be circumscribed about a regular 
polygon, 

n. A circle may be inscribed in a regular polygon. 




Let ABC D, etc, he a regular polygon. 
We are to prove that a O Toag he circumscribed- about this 
regular polygon, and also a O may he inscribed in this regular 
polygon. 

Case L — Describe a circumference passing through -4, B, and C. 

From the centre 0, draw OA, D, 

and draw « X to chord B G. 

On « as an axis revolve the quadrilateral OABs, 

until, it comes into the plane of OsC D, 

The line s B will fall upon s (7, 
{f(yr Z,08B = AOsQ, both being H, A ). 

The point B will fall upon (7, § 183 

{since sB = sC). 

The line B^ will fall upon CD, § 363 

{since Z B = ZC, being A of a regular polygon). 

The point A will fall upon Z>, § 363 

{since B A = CD, being sides of a regular polygon), 

.'. the line A will coincide with line Z>, 
{their extremities being the same points), 

.\ the circumference will pass through Z>. 
In like manner we may prove that the circumference, pass- 
ing through vertices B, C, and 2> will also pass through the 
vertex B, and thus through all the vertices of the polygon in 
succession. 

Case II. — The sides of the regular polygon, being equal chords of 

the circumscribed O, are equally distant from the centre, § 1 85 

.*.. a circle described with the centre and a radius Os 

will touch all the sides, and be inscribed in the polygon. § 174 

Q.E.D. 
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366. Def. The Centre of a regular polygon is the common 
centre of the circumscribed and inscribed circles. . 

367. Def. The Baditis of a regular polygon is the radius 
A of the circumscribed circle. 

368. Def. The Apothegm of a regular polygon is the radius 
Os of the inscribed circle. 

369. Def. The Angle at the centre is the angle included 
by the radii drawn to the extremities of any side. 



Proposition III. Theorem. 

370. Each angle at the centre of a regular polygon is 
equal to four right angles divided hy the number of sides 
of the polygon. 



Let ABCj etc., he a regular polygon of n sides. 

4:Tt,A 

We are to prove Z. AO B = — - — • 

Circumscribe a O about the polygon. 

The AAOB.BOO, etc., are equal, § 180 

(m the mvne O equaZ arcs subtend equal A at the centre), 

/. the Z -4 ^ = 4 rt. ^ divided by the number of A about 0. 

But the number of A about =^ n, the number of sides 
of the polygon. 



4rt. -4 
/.AOB=- 



Q. E. D. 



371. Corollary. The radius drawn to any vertex of a 
regular polygon bisects the angle at that vertex. 
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Proposition IV, Theorem. 

372, Two regular polygons of the same number of sides 
are similar. 




Lei Q and Q he two Tegular polygons, each having 
n sides* 

We are to prove Q and Q' similar polygons. 

The sum of the interior A of each polygon is equal to 
2^.A{n-2\ § 157 

(<Ae sum of the interior A of a polygon is equal to2rt. A taken as many 
tim£S less ^ as the polygon has sides). 

Each Z of the polygon Q = ^ — — ' > § 1«'>8 

(for the A of a regular polygon are all equal, and hence each Z. is equal 
to the sum of the A divided hy their number). 

Also, each /. oi Q ^ 2rt.A(n-2) ^ ^ ^ ^g 

n 

,\ the two polygons Q and ^ are mutually equiangular. 

Moreover, = i^ 5 363 

(the sides of a regular polygon are all equal) ; 

and i^' = 1, § 363 

...^=^', Ax.1 

BC B'C 

.*. the two polygons have their homologous sides proportional ; 

/. the two polygons are similar. § 278 

Q. E. D. 
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Proposition V. Theorem. 

373. The homologous aides of similar regular polygons 
have the same ratio as the radii of their circutnscribed cir- 
clesy and, also as the radii of their inscribed circles. 





Let and 0' he the centres of the two similar regu- 
lar polygons ABC, etc, and A'B'C, etc. 

rrom and 0' draw OH, D, 0' E', 0' ly, also the 
Js Om and Om'. 

E and 0' E' are radii of the circumscribed ©, § 367 
and m and 0' m' aire radii of the inscribed ®. § 368 
ED _ E _ Om 
~ O'E' 



We are to prove 



E' D' O'E' O'm' 

In the AOED and 0' E' D' 

the A ED, OD E, O E' D' and 0' D' E' are equal, § 371 
(hciivghalvcsoftheequalAFED, EDO, F' W B> wnd W Ifi O) ; 

/. the A ^Z> and 0' E' D' are similar, § 280 

{if two A have two A of the one equal respectively to two A of the other, they 



Also, 



are similar). 

. ED^ ^ OE 
E'D' O'E'' 
(the h(ymologovs sides of similar ^ are proportional), 

ED Om 



E'D' 



O'm' 



§278 



§297 



{the homologous altitudes of similar A have the same ratio as their homolo- 
gous basses). 

Q. E. D. 
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Proposition VL Theorem. 

374. The perimeters of similar regular polygons have 
the same ratio as the radii of their circumscribed circles^ and, 
also as the radii of their inscribed circles. 





Let P and F' represent the perimeters of the two 
similar regular polygons ABC, etc., and A^BG\ etc. 
From centres 0, 0' draw 0^, O'^', and J§ Omznd (/ m/. 

Om 



w * P OE 

We are to prove — = 

P* 0' E' 



(ymf 



P '^ E' D'' 



§ 295 



(the pei'imeters of similar polygons have the same ratio as a/n/g two homolo' 

gous sides). 



Moreover, 



OE 
O'E 



ED 
ED'' 



§373 



ifhe homologoiLs sides of similar regular polygons have the same ratio as the 
radii of their drcumscribed (D). 



Also 



O'm' 



ED 
ED'' 



§373 



(pie homologous sides of similar regular polygons have the same ratio as 
the radii of their inscribed (D). 



P 
P' 



OE 



Om 



O'E' O'm' 
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Proposition VIL Theorem. 

375. The circumferences of circles have the same ratio 
as their radii. 





Let C and C be the circumferences, R and E' the 
radii of the two circles Q and Q*, 

We are to prove C : €' i: R \ R', 

Inscribe in the © two regular polygons of the same number 
of sides. 

Conceive the number of the sides of these similar regular 
polygons to be indefinitely increased, the polygons continuing to 
be inscribed, and to have the same number of sides. 

Then the perimeters will continue to have the same ratio as 
the radii of their circumscribed circles, § 374 

{the perimeters of similar regular polygons have the same ratio a« (he radii 
qf their circumscribed (D), 

and will approach indefinitely to the circumferences as their 
limits. 



.". the circumferences 
of their circles, 




the same ratio as the radii 
§199 

: R'. 

Q. E. D. 
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376. Corollary. By multiplying by 2, both terms of the 
ratio a : £', we have 

C : C :: 2R :2R'; 

that is, the circumferences of circles are to each other as 
their diameters. 

Since C : C :: 2B : 2E\ 

C :2R :: C I 2R', § 262 

or J^= -^ 

2R 2R'' 

That is, the ratio of the circumference of a circle to its 
diameter is a constant quantity. 

This constant quantity is denoted by the Greek letter ir. 

377. Scholium. The ratio tt is incommensurable, and there- 
fore can be expressed only approximately in figures. The let- 
ter w, however, is used to represent its exdct value. 



Ex. 1. Show that two triangles which have an angle of the 
one equal to the supplement of the angle of the other are to each 
other as the products of the sides including the supplementary 
angles. 

2. Show, geometrically, that the square described upon the 
sum of two straight^lines is equivalent to the sum of the squares 
described upon the two lines plus twice their rectangle. 
J 3. Show, geometrically, that the square described upon the* 
[ differenee of two straight lines is equivalent to the sum of the 
^squares described upon the two lines minus twice their rectangle. 
V4. Show, geometrically, that the rectangle of the sum and 
difference of two straight lines is equivalent to the difference 
of the squares on those lines. 
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Proposition VIII. Theorem. 

378. If the number of sides of a regular inscribed polt/^ 
gon be increased indefinitely, the apothegm will be an increas- 
ing variable whose limit is the radius of the circle. 




In the right triangle OC A^ let A he denoted by Ry 
OC hyr, and AC byb. 

We are to prove lim, (r) = R. 

r<R, §52 

{a 1. is the shortest distance from a poirU to a straight lirie). 

And R — r<h, §97 

{one side of a ^ is greater than the differeivce of the other two sides). 

By increasing the number of sides of the polygon indefi- 
nitely, A Bf that is, 2 6, can be made less than any assigned 
quantity. 

.\b, the half of 2 b, can be made less than any assigned 
quantity. 

.'. R^r, which is less than 6, can be made less than any 
assigned quantity. 

.\lim. {R — r) = 0. 

.\R-lim. (r) = 0. §199 

.\lim.{r) = R, 

Q. E. D. 
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IMPOSITION IX. Theobem. 

379. The area of a regular polygon is equal to one^half 
the product of its apothegm by its perimeter. 




Let P represent the perimeter and R the apothegm 
of the regular polygon ABC, etc. 

We are to prove the area of ABC, etc, = J i? X P. 

Draw Oil, OB, C, etc. 

The polygon is divided into as many A as it has sides. 

The apothegm is the common altitude of these A, 

and the area of each A is equal to | ^ multiplied by 
the base. § 324 

.*. the area of all the A is equal to | ^ multiplied by the 
sum of all the bases. 

But the sum of the areas of all the A is equal to the area 
of the polygon, 

and the sum of all the bases of the A is equal to the 
perimeter of the polygon. 

.*. the area of the polygon =^ ^E X P. 

Q. E. D. 
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Proposition X. Theorem. 



380. The area of a circle is equal to one-half the 
product of its radius hy its circumference. 



Let R represent the radius, and the circumference 
of a circle. 

We are to prove the area of the circle = ^ E X C. 

Inscribe any regular polygon, and denote its perimeter 
by P, and its apothegm by r. 

Then the area of this polygon = J r X P, § 379 

{the area of a regular polygon is equal to one-half the prodwct of Us apothegm, 
by the perimeter). 

Conceive the number of sides of this polygon to be indeii- 
nitely increased, the polygon still continuing to be regular and 
inscribed. 

Then the perimeter of the . polygon approaches the circum- 
ference of the circle as its limit, 

the apothegm, the radius as its limit, § 378 

and the area of the polygon approaches the O as its limit. 

But the area of the polygon continues to be equal to one- 
half the product of the apothegm by the perimeter, however 
great the number of sides of the polygon. 

.-. the area of the = J ^ X C. § 199 

Q. E. D. 
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381. Corollary 1. Since == ir, 



§376 



.-. C = 27ri?. 
In the equality, the area of the = J i? X C, 
substitute 2 iri? for C; 
then the area of the O = 4 i? X 2 irR, 

That is, th€ area ofaO^=ir times the sqiuire on its radius, 

382. Cor. 2. The area of a sector equals J the product of 
its radius by its arc ; for the sector is such part of the circle as 
its arc is of the circumference. 

383. Dep. In different circles similar arcs^ similar sectors, 
and similar segments, are such as correspond to equal angles at 
the centre. 

Proposition XL Theorem. 

384. Two circles are to each other as the squares on 
their radii. 



4 


' v\ 


/ 


\\ 




\\ 


n 


• M 


'] 

"k jy 




Let R and R' be the radii of the two circles Q and Q\ 



We are to prove - = _ . 

Now Q^irR!^, 

{the area ofaQ=x times the sqtiare on its raditui), 

and Q'=-irR'^, 

Q ^ ^ ^ ^ 



§ 381 
§ 381 



Then 



Q. E. D. 



385. Corollary. Similar arcs, being like parts of their re- 
spective circumferences, are to each other as their radii ; similar 
sectors, being like parts of their respective circles, are to each 
other as tJie squares on their radii. 
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Proposition XII. Theorem. 

386. Similar aegmenU are to each other as the squares 
on their radii, n 

O ^ 





P 

Let A G and A' C he the radii of the two similar seg- 
ments ABP and A' B' P'. 

We are to prove ^^^ = ^^ 
A'B'P' jr^t^' 

The sectors AG B and A' G' B' are similar, § 383 

(hamv^ the A at the centre, C and O, equal). 

In the AAGB and A' G' B' ' 

AG^ AG', § 383 

i))eing corresponding A of similar sectors), 

AG=GB, §163 

A'G' = G'B'; §163 

.',theAAGB and A' G' B' are similar, § 284 

(h/iviv^ an /.of theovie eqtial to an Z of the other, and the indvding sides 
proportional). 

^^^ sector AGB ^^ 5335 

sector ^'C'^' JP^'^ 
(similar sectors are to each other as the squares on their radit); 
and AAGB^^i;^ 

l^A'G'B' ^tqI^' ^ 

(similar A are to each other as the squares on thdr homologous sides). 

Hence sector ^ C^ — A ^ (7^ _ JT^ 
sector A'G'B' — A A' G' B' "" £r^ ' 

or segment ^jgP ^ £& .271 

segment ^'^'P' jrjjl^' ^ 

(if two quantities he iTureased or diminished by like parts of each, the results 
will be in the same rcUio as the quantities themselves). 

Q. E. D. 



Digitized 



by Google 



EXBBCISES. 223 



Exercises. 



1. Show that an equilateral polygon circumscribed about a 
circle is regular if the number of its sides be odd, 

2. Show that an equiangular polygon inscribed in a circle is 
regular if the number of its sides be odd, 

3. Show that any equiangular polygon circumscribed about a 
circle is regular. 

4. Show that the side of a circumscribed equilateral triangle 
is double the side of an inscribed equilateral triangle. 

5. Show that the area of a regular inscribed hexagon is 
three-fourths of that of the regular circumscribed hexagon. 

(6. Show that the area of a regular inscribed hexagon is a | 
mean proportional between the areas of the inscribed and cir- j 
cumscribed equilateral triangles. 

7. Show that the area of a regular inscribed octagon is equal 
to that of a rectangle whose adjacent sides are equal to the 
sides of the inscribed and circumscribed squares. 

8. Show that the area of a regular inscribed dodecagoli is 
equal to three times the square on the radius. 

9. Given the diameter of a circle 50 ; find the area of the 
circle. Also, find the area of a sector of 80® of this circle. 

10. Three equal circles touch each other externally and thus 
inclose one acre of ground ; find the radius in rods of each of 
these circles. 

11. Show that in two circles of different radii, angles at the 
centres subtended by arcs of equal length are to each other in- 
versely as the radii. 

12. Show that the square on the side of a regular inscribed 
pentagon, minus the square on the side of a regular inscribed 
decagon, is equal to the square on the radius. 
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On Constbuctions. 

Proposition XIII. Problem. 

387. To inscribe a regular polygon of any number of 
sides in a given circle. 





^0 




Let Q be the given circle, and n the number oi sides 
of the polygon. 

It is required to inscribe in Q, a regular polygon having n 
sides. 

Divide the circumference of the O into n equal arcs. 

Join the extremities of these arcs. 

Then we have the polygon required. 

For the polygon is equilateral, § 181 

(in the same O eqiud arcs are subtended by eqiml chords) ; 

and the polygon is also regular, § 384 

{an equilateral polygon inscribed in aO is regular). 

Q. E. F. 
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Proposition XIV. Problem. 

388. To inscribe in a given circle a regular polygon 
which has double the number of sides of a given inscribed 
regular polygon. 




Let ABC D he the given inscribed polygon. 

It is required to inscribe a regular polygon having double the 
numJber of sidesof ABC D. 

Bisect the arcs AB, BC, etc. 

Draw AE, EB, BF, etc., 

The polygon AE BFC, etc., is the polygon required. 

For the chords AB, BC, etc., are equal, § 363 

{being sides of a reg-ular polygon), 

.'. the arcs AB, BC, etc., are equal, § 182 

{in the same O equal chords subtend equal arcs). 

Hence the halves of these arcs are equal, 

or, AE, EBy BF, FG, etc., are equal ; 

.'. the polygon A EB Fy etc., is equilateral. 

The polygon is also regular, § 364 

{an equilateral polygon inscribed in aO is regular) ; 

and has double the number of sides of the given regular 
polygon. 

Q. E. F. 
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Pboposition XV. Problem. 
To inscribe a square in a given circle, 
B 



D 

Let he the centre ot the given circle. 

It is required to inscribe a square in the circle. 

Draw the two diameters A C and BD 1. to each other. 

Join AB, BC, CD, and DA. 

Then ABC D \aihQ square required. 

For, the A AB C, BCD, etc., are rt. A, § 204 

(being inscribed in a semicircle), 

and the sides AB, BC, etc., are equal, § 181 

(in, the same O eqiuil arcs are subtended by equal chords) ; 

.*. the figure A B CD is a square, § 127 

{having its sides equal and its Art. A ). 

Q. E. F. 

390. Corollary. By bisecting the arcs AB, BC, etc., a 
regular polygon of 8 sides may be inscribed ; and, by continuing 
the process, regular polygons of 16, 32, 64, etc., sides may be 
inscribed. 
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Proposition XVI. Problem. 
391. To inscribe in a given circle a regular hexagon, 
/^^^==^ 

Let be the centre of the given circle* 

It is required to inscribe in the given O a regular hexagon. 

From draw any radius, dA OC. 

From (7 as a centre, with a radius equal to C, 

describe an arc intersecting the circumference at F, 

Draw Oi^ and U F. 

Then CFisa, side of the regular hexagon required. 

For the A 0FCi8 equilateral, Cons. 

and equiangular, § 112 

.-. the Z i^O (7 is J of 2 rt. A, or, J of 4 rt. ^i . § 98 

.*. the arc -^C is J of the circumference ABC F, 

.*. the chord FG, which subtends the arc ^(7, is a side 
of a regular hexagon ; 

and the figure CFD, etc., formed by applying the radius 
six times as a chord, is the hexagon required. 

Q. E. F. 

392. Corollary 1. By joining the alternate vertices J^ C, 
D, an equilateral A is inscribed in a circle. 

393. CoR. 2. By bisecting the arcs A By B 0, etc., a regu- 
lar polygon of 12 sides may be inscribed in a circle; and, by 
continuing the process, regular polygons of 24, 48, etc., sides 
may be inscribed. 
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Proposition XVII. Problem. 
894. To inscribe in a given circle a regular decagon. 




B 

Let he the centre ot the given circle. 
It is required to inscribe in the given O a regular decagon. 

Draw the radius (7, 
and divide it in extreme and mean ratio, so that C shall 
betoO^S^asO^isto aS'C. § 311 

From C as a centre, with a radius equal to /Si 
describe an arc intersecting the circumference at B, 

Dtb,w BCy BS, mdBO. 
Then ^ C is a side of the regular decagon required. 
For . 00 : OS :: OS : SO, Cons, 

and BO=OS. Cons. 

Substitute for aS its equal B 0, 
then 00 : BO :: BO : SO. 

Moreover the Z B = Z SO B, Iden. 

.-. the A 00 B and BOS are similar, § 284 

{?utving an /.of the (me equal to an /.of (he others and the indudiTig sides 
p-roportional). 

But the AOOBia isosceles, § 160 

(its sides and B being radii of the sarrve circle), 

.'. the A BO S, which is similar to the A OB, is isosceles. 
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and BS = BO. §114 

But OS = BCy Cons. 

.\OS=-BS, Ax.1 

/. the A /S' jff is isosceles, 

and theZO = ZSBO, §112 

{being opposite equal sides). 

But the Z C S B = Z + Z SB 0, § 105 

{the exterior Zofa Ais equal, to the sum of the two opposite interior A ). 

.-.theZ 0SB = 2Z 0. 
ZSCB{=ZCSB)^2Z0, §112 

and Z0BC(=ZSCB)=-2Z0. §112 

.-. the sum of the A oi the A OC B = 5 Z 0. 

.\5ZO = 2Tt.A, §98 

and Z = i of 2 rt. /i, or ^ of 4 rt. A. 

.'. the arc 5 (7 is 1^ of the circumference, and 
/. the chord BC is b, side of a regular inscribed decagon. 

Hence, to inscribe a regular decagon, divide the radius in 
extreme and mean ratio, and apply the greater segment ten 
times as a chord. 

Q. E. F. 

395. Corollary 1. By joining the alternate vertices of a 
regular inscribed decagon, a regular pentagon may be inscribed. 

396. Cor. 2. By bisecting the arcs BC, OF, etc., a regular 
polygon of 20 sides may be inscribed, and, by continuing the 
process, regular polygons of 40, 80, etc., sides may be, inscribed. 
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Proposition XVIII. Problem. 

397. To inscribe in a given circle a regular quindecagon^ 
or polygon of fifteen sides. 




F 

Let Q be the given circle. 
It is required to inscribe in Q a regular qtdndecagon. 
Draw Bff equal to a side of a regular inscribed hexagon, § 391 

and EF equal to a side of a regular inscribed decagon. § 394 

Join Fff. 

Then Fff will be a side of a regular inscribed quindecagon. 

For the arc -^ZT is J of the circumference, 

and the arc -^^ is -^ of the circumference ; 

.'. the arc Fff is J — t^^, or ^ly, of the circumference. 

.'. the chord Fff is & side of a regular inscribed quin- 
decagon, 

and by applying Fff fifteen times as a chord, we have the 
polygon required. 

Q.E.F. 

398. Corollary. By bisecting the arcs Fff, ffA, etc., 
a regular polygon of 30 sides may be inscribed; and by con- 
tinuing the process, regular polygons of 60, 120, etc. sides may 
be inscribed. 
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Proposition XIX. Pb<5b] 



To inscribe in 
similar to a given regular ^ 
(^^ ^IV 





Let A BCD, etc., be the given r^guiax: polygon, and 
C'D'E' the given circle^ ^^ ^ ^^i^^r 



It is required to inscribe m 
similar to ABC D, etc. 



jy W^ a regtUar polygon 



From 0, the centre of the polygon ABC D, etc. 

draw Oi> and 0(7. 

From 0' the centre of the O C D' E^y 

draw OC BJidiO' D', 

making the Z 0' = Z 0. 

DrawC'i^'. 

Then (7' 2)' will be a side of the regular polygon required. 

For each polygon will have as many sides as the Z 
(=■ Z 0') is contained times in 4 rt. ^. 

.*. the polygon C B' W, etc. is similar to the polygon 
CDEyQtQ., §372 

{pwo regidar polygons of the same nur/iber of sides are similar), 

Q. E. F. 
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Pboposition XX, Problem. 

4)00. To circumscribe about a circle a regular polygon 
similar to a given inscribed regular polygon. 




N 
Let HMRSy etc., be a given inscribed regnlar polygon. 

It is required to circumscribe a regular polygon simtlar 
to HMRS, etc. 

At the vertices H, M, B, etc., draw tangents to the O, 
intersecting each other at -4, B, C, etc. 

Then the polygon ABCD, etc. will bo the regular poly- 
gon required. 

Since the polygon ABC D, etc. 

has the same number of sides as the polygon H MRS, etc., 

it is only necessary to prove that ABC Dy etc. is a regular 
polygon. § 372 

In the A BffMand C M R, 

IIM=MR, §363 

(being sides of a regular polygon). 
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the A BUM, BMH, G M R, and CRM are equal, § 209 
(peiiuj measured by Iialves of equal arcs) ; 

.-. the A BHMajid CMR are equal, § 107 

{having a side and two adjacent A of the one equal respectively to a side and 
two adjac&iit A of (he other). 

.\ab4a g, 

(being homologous A of equal A ). 

In like manner we may prove A G = Z. B, etc. 

.'.the polygon A B G 1>, etc., is equiangular. 

Since the A B H M, G M R, etc. are isosceles, § 241 
(two tangents drawn from the same p&iwt to a are equal), 

the sides B H, BM, G M, C R, etc. are equal, 
(being homologous sides of equal isosceles A ). 

.'. the sides AB, BG^, G D, etc. are equal. Ax. 6 

and the polygon A BG D, etc. is equilateral. 

Therefore the circumscribed polygon is regular and similar 
to the given inscribed polygon. § 372 

Q.E F. 



Ex. Let R denote the radius of a regular inscribed polygon, 
r the apothegm, a one side, A one angle, and G the angle at the 
centre ; show that 

1. In a regular inscribed triangle a = R V^, r = ^ R, 
A = 60°, G= 120°. 

2. In an inscribed square a = R V^, r^=^R V^, A = 90°, 
G = 90°. 





^V 



3. In a regidar inscribed hexagon a = R, r = \ 
= 120°, C = 60°. 

-, ■; ■■ R^WT- 1) 

4. In a regular inscribed decagon a = ^ 

r = i ^ VlO + 2 v/5, ^ = 144°, (7 = 36°. 



1^,^ 
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Proposition XXI. Problem. 

401. To find the value of the chord of one-half an arcy 

in terms of the chord of the whole arc and the radius of the 

circle. 

D 




Let AB be the chord of\&Tc'AB and AD the chord 
of one-half the arc A B. 

It is required to find the valtie of AD in terms of AB and 
R {radius). 

From D draw D H through the centre 0, 

and draw A, 

HDisA^to the chord AB a,t its middle point C, § 60 
{ttoo points, and D, equally distant from the extremities, A and B, de- 



termine the position of a 1. to the middle point of A B). 



204 



The Z HA Z) is a rt. Z, 

{being inscribed in a semicircle), 

.\n9^DHy DO, §289 

{live square on one side of art. A is equal to the product of the hypotenuse by 
tlw adjacent segment made by the ± let fall from the vertex of the rt. Z ). 

Now DH=^2R, 

and DC^DO-CO^R-00', 

.\AD' = 2R(R-C0). 



n 
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Since 



^ CO is a rt. A, 



_ V4 222 - ab\ 



In the equation A'^ ^2R{R— CO), 



^4/t^-A B' 



then 



substitute for (7 its value 



r^ = 2r(r- 



)■ 



§331 




= 2 i22 - /? (v^4i22-^^2\ 

Q. E F. 

402. Corollary. If we take the radius equal to unity, 



the equation A D = J 2 R^ — R (V^4 R^ — Ah^\ becomes 

^2> = 0- v^4~3:fi'. 
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Proposition XXIL 

403. To compute the ratio 
circle to its diameter , apj^roximatily. 



Let C be the circumlen 
circle. 

_ 




Problem. 
the ctft^niference of a 



Since 



2R' 



nd H the radius of a 
5 376 



when ^ = 1, ^ ~ 5" • 

It is required to find the numerical value of ir. 

We make tlie following computations by the use of the 
formula obtained in the last proposition, 



^ /) = i/2 - ^i-AB^, 



when AB is a, side of a regular hexagon 
In a polygon of 

Form of Computation. 

12 AD=J. 



No. 
Sides. 



V/i— 12 



Length of Side. 

.51763809 
.26105238 
.13080626 



Ferimet^. 

6.21165708 
6.26525722 
6.27870041 



24 AD^^'^ i — V^4 — (.5 1 763809)^ 

43 AD:=^2 — V^ ^ — (.2(3l0 5"238)2 

96 J Z>= V^ J -v/4 — (.13080626)2 .06543817 6.2820639(5 

192 AI)=-^ 2 — ^-^ — (.06543817)2 .03272346 6.28290510 

384 ^ /> = V ^2 - v/4 — (.03272346)^ .01636228 6.28311544 

768 ^ i> = V2 — V4 — (.01636228)2 .00818121 6.28316941 

Hence we may consider 6.28317 as approximately the cir- 
cumference of a O whose radius is unity. 



, TT, which equals — , = — , 

It Jt 



.\ir= 3.14159 nearly. 
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On Isoperimetbical Polygons. — Supplementary. 

404. Def. Isoperimetrical figures are figures which have 
equal perimeters. 

405. Def. Among magnitudes of the same kind, that 
which is greatest is a Maximum, and that which is smallest 
is a Minimum, 

Thus the diameter of a circle is the maximum among all 
inscribed straight lines; ^nd a perpendicular is the minimum 
among all straight lines drawn from a point to a given straight 
line. 



Proposition XXIII. Theorem. 

406. Of all triangles liaving two sides respectively equal, 
that in which these sides include a right angle is the muxi- 




Let the triangles ABC and EEC have the sides A B 
and BC equal respectively to EB and BC \ SLi^d 
let the angle ABC be a right angle. 

• We are to prove A ABO A EB G. 

From E, let fall the 1. E D. 

The A ABC and EB C, having the same base B C, are to 
each other as their altitudes A B and ED, § 326 

(A having the same base are to each other as their altitudes). 

Now ED is < EBy § 52 

(a ± is the sJwrtest distance froT/i apoirU to a straight line). 

But EB = AB, Hyp. 

,\ED\^<AB. 
.\AABOAEBC. 

Q. E. D. 
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Proposition XXIV. Theorem. 

407. Of all polygons formed of sides all given but one y 
the polygon inscribed in a semicircle y having the undetermined 
side for its diameter y is the maximum. 




Let AB, BC, CD, and D E be the sides of a polygon 
inscribed in a semicircle having A E tor its di- 
ameter. 

We are to prove the polygon ABODE the maximum of 
polygons having the sides A By BO^ D, and D E. 

From any vertex, as (7, draw A and O E, 

Then the Z ^ C^ is a rt. Z , § 204 

(being inscribed in a semicircle). 

Now the polygon is divided into three parts, ABO, D E^ 
and A E, 

The parts ABO and ODE will remain the same, if the 
Z AO E\i^ increased or diminished ; 

but the part AO E will be diminished, § 406 

{of all A having two sides respectively equal, that in which these sides in- 
clude art. Zis the fnaximum). 

.'. ABODE is the maximum polygon. 

Q. E. D. 
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Proposition XXV. Theorem. 

408. The maximum of all polygons formed of given sides 
an he inscribed in a circle. 





A A' 

Let ABODE be a polygon inscribed in a circle, and 
A'B'C ly E be a polygon, equilateral with re- 
spect to ABCDE^ but which cannot be inscribed 
in a circle. 

We are to prove 
the polygon A BC D E> the polygon A' B' C ly E*, 

Draw the diameter A H. 

Join G ff and D ff. 

Upon G'ly {=G D) construct the A G' H' ly ^ A Off D, 

and draw A^ H', 

Now the polygon ABGH>i\iQ polygon A[ BG'W, § 407 

{of all polygons foi'med of sides all given btU one, the polygon inscribed in a 
semicircle having the Mndetermitied side for its diameter , is the maximum). 

And the polygon A ED H> the polygon A' E' Z>' H\ § 407 

Add these two inequalities, then 

the polygon A BGHD E > the polygon A'B'G'H'D'E', 

Take away from the two figures the equal ^ G H D and 

c'H'jy, 

Then the polygon ABGDE> the polygon A' B' G' D' E', 

Q. E. D. 
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Proposition XXVL Theorem. 

409. Of all triangles having the same base and equal 
perimeters, the isosceles triangle is the maximum. 




Let the AACB and ABB have equal perimetezs, 
and let the AACB be isosceles. 

We are to prove AACB> A ABB. 

Draw the Js CH and I) F. 

AACB ^CE 2, 

AABD DF' ^ 

(A having the same ba^e are to ea>ch other as their altitudes). 

Produce AC to II, making CE^ AC. 

Draw HB. 

The /.ABE is a rt. Z, for it will be inscribed in the 
semicircle drawn from (7 as a centre, with the radius C B. 
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From C let fall the L CK\ 

and from 2> as a centre, with a radius equal to B B, 

describe an arc cutting H B produced, at P. 

DrawZ)PandiiP, 

and let fall the ±2) if. 

Since AH=^AC-\'CB==AI)-\-DB, 

and APKAD-^-DP] 

^.APKAD + DB; 

.\AH>AF. 





.•.BH>BP. 




§56 


Now 


BK=^BH, 




§113 


(a X drawn from the vertex of an itoeeeles 


Abiseetithebate), 




and 


BM^^BP. 




§113 


But 


CE'^BK, 




§135 




(ll» amp-ehended between ll» are 


equal); 




and 


DF'^BM, 
.:CE>DF. 




§135 




.'.AACB>AAD£. 





Q. E. D. 
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Pboposition XXVII. Theobem. 
410. The maximum of uoperim^trical joolygona of the 
Bam^ number of sides is equilateral. 





Let ABC Dy etc., be the majdmnm of isopezimetiical 
polygons of any given number of sides. 

We are to prove AB, BC, C £>, etc,, equal. 
Draw A C. 

The A ABC must be the maximum of all the A which 
are formed upon A C with a perimeter equal to that of A ABC. 

Otherwise, agreater A A KC could be substituted for A^ BCy 
without changing the perimeter of the polygon. 

But this is inconsistent with the hypothesis that the poly- 
gon ABC Dy etc., is the maximum polygon. 

,'.i\iQ AAB C, is isosceles, § 409 

(of all A having the same hose and eqtial perimeters, the isosceles Aisths 
maximum). 

In like manner it may be proved that B C'^ CD, etc. 

Q. E. D. 

411. CoBOLLABY. The maximum of isoperimetrical poly- 
gons of the same number of sides is a regular polygon. 

For, it is equilateral, § 410 

{the maximum of isoperim^tricaZ polygons of the same numher of sides is 
equilateral). 

Also it can be inscribed in a O, 5 ^^^ 

{the maximum of all polygons formed of given sides can he inscribed in a 0). 

Hence it is regular, § 364 

(an equilateral polygon inscribed in a O is regular). 
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Proposition XXVIII. Theorem. 

412. Of isoperimetrical regular polygons, that is greatest 
which has the greatest number of sides. 





Let Q be a regular polygon of three sides, and Q* he 
a regular polygon of four sides, each having the 
same perimeter. 

We are to prove Q' > Q, 

In any side AB of Q, take any point D, 

The polygon Q may be considered an irregular polygon 
of four sides, in which the sides A D and D B make with each 
other an Z equal to two rt. A . 

Then the irregular polygon Q, of four sides is less than the 
regular isoperimetrical polygon Q of four sides, § 4.11 

{the maximum of isopeHmetrical polygons of the same nuniber of sides is a 
regular polygon). 

In like manner it may be shown that Q^ is less than a 
regular isoperimetrical polygon of five sides, and so on. 

Q. E. D. 

413. Corollary. Of all isoperimetrical plane figures the 
circle is the maximum. 
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Proposition XXIX. Theorem. 

414. If a regular polygon he constructed with a given 
area, its perimeter will be the less the greater the number 
of iU sides. 



Q! 





Let Q and Q be regular polygons having the same 
area, and let Q^ have the greater number of sides. 

We are to prove the perimeter of Q > the perimeter of Q*, 

Let Q" be a regular polygoh having the same perimeter as 
^, and the same number of sides as Q, 

Then ^is>e", §412 

(of isoperimetrical regular polygons, that is the greatest which has the greatest 
number of sides). 

But e = G', 

.-. e is > Q*'. 
.". the perimeter of § is > the perimeter of Q". 
But the perimeter of ^ — the perimeter of ^', Cons. 
.'. the perimeter of ^ is > that of Q'. 

Q. E. D. 

415. Corollary. The circumference of a circle is less than 
the perimeter of any other plane figure of equal area. 



,vsJ^ ."Vs^ 



(K^jiJ^ cM> Q, 
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416. Two points are Symmetrical when they are situated 
on opposite sides of, and at equal distaiices from^ a fixed point, 
line, or plane, taken as an object of reference. 

417. When a point is taken as an object of reference, it is 
called the Centre of Symmetry ; when a line is taken, it is called 
the Axis of Symmetry ; when a plane is taken, it is called the 
Plane of Symmetry, 

418. Ttoo points are symmetrical with re- P . 
spect to a centre^ if the centre bisect the straight \ y^ 
line terminated by these points. Thus, P, P' J^\ 

are symmetrical with respect to C, if (7 bisect ^^ \ 
the straight line PP. /^ pi 

419. The distance of either of the two symmetrical points 
from the centre of symmetry is called the Radius of Symmetry, 
Thus either C P oi C P is the radius of symmetry. 



420. Ttvo points are symmetrical with 
respect to an axis, if the axis bisect at right 
angles the straight line terminated by these 
points. Thus, P, P' are symmetrical with re- 
spect to the axis XX', i£ X X' bisect PP at 
right angles. 




421. Two points are symmetrical with 
respect to a plane, if the plane bisect at 
right .angles the straight line terminated by 
these points. Thus P, P' are symmetrical 
with respect to M N, H M N bisect P P' sX 
right angles. 



.OJ' 



P 
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422. Two plane figure* are symmetrical with respect to a 
centre, an axis, or a plant, if every point of either figure have 
its corresponding symmetrical point in the other, 

A B ~- D H 1 7-ZV 




Af 



A 


-^ 


B 


1 




( 


^ 




/ 


M 

A 


, i 



A' 



Fig. 1. 



Fig. 2. 



Fig. a 



Thus, the lines A B and A' B' are symmetrical with respect 
to the centre G (Fig. 1), to the axis XX' (Fig. 2), to the plane 
MN (Fig. 3), if every point of either have its corresponding 
symmetrical point in the other. 




Also, the triangles AB D and A' B' D' are symmetrical with 
respect to the centre C (Fig. 4), to the axis XX' (Fig. 5), to the 
plane MN (Fig. 6), if every point in the perimeter of either 
have its corresponding symmetrical point in the perimeter of the 
other. 

423. Def. In two symmetrical figures the corresponding 
symmetrical points and lines are called ktymologotLS, 
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Two symmetrical figures with respect to a centre can be 
brought into coincidence by revolving one of them in its own 
plane about the centre, every radius of symmetry revolving 
through two right angles at the same time. 

Two symmetrical figures with respect to an axis can be 
brought into coincidence by the revolution of either about the 
axis until it comes into the plane of the other. 

424. Def. a single figure is a symmetrical figure^ either 
when it can be divided by an axis, or plane, into two figures 
symmetrical with respect to that axis or plane ; or, when it has 
a centre such that every straight line drawn through it cuts the 
perimeter of the figure in two points which are symmetrical 
with respect to that centre. 




Fig. 1. 



Fig. 2. 



Thus, Fig. 1 is a symmetrical figure with respect to the 
axis XX', if divided by XX into figures ABC B and ABfC'D 
which are symmetrical with respect to XX, 

And, Fig. 2 is a symmetrical figure with respect to the 
centre 0, if the centre bisect every straight line drawn 
through it and terminated by the perimeter. 

Every such straight line is called a diameter. 

The circle is an illustration of a single figure symmetrical 
with respect to its centre as the centre of symmetry, or to any 
diameter as the axis of symtnetry. 



Digitized 



by Google 



248 GEOMETRY. — BOOK V. 



Proposition XXX. Theorem. 

425. Two equal and parallel lines are symmetrical with 
respect to a centre, 

A & 



B Ai 

Let AB and A' B' be equal and parallel lines. 
We are to prove A B and A' B' symmetrical. 

Draw A A' and B B\ and through the point of their inter- 
section (7, draw any other line HC H', terminated m AB and 
A'B'. 

In the A CAB and C A' B' 

AB=^A'B', Hyp. 

also, A A and B=^ A A' and B' respectively, § 68 

(being alt. -int. A ), 

.\ACAB = ACA'B'; J 107 

.-. CA and CB^^CA' and G B' respectively, 
(beiiuj hmrtologous sides of equaZ ^). 

Now in the A AC U ^udi A' C H' 

AC^A' C, 

A A and AC H^ A A' and A' C //' respectively, 

.y.AACH^AA'CH', , §107 

{jMving a side and two adj. A of the one equal respectively to a side and tioo 
adj. A of the other). 

/.CH^CW, 

(being homologous sides of equal A ). 

.*, H' ia the symmetrical point of H, 

But H is ani/ point in AB; 

.'. evert/ point in -4 ^ has its symmetrical point in A^ B\ 

.\ A B and A^ B^ are symmetrical with respect to (7 as a 
centre of symmetry. 

Q. E. D. 

426. Corollary. If the extremities of one line be re- 
spectively the symmetricals of another line with respect to the 
same centre, the two lines are symmetrical with respect to that 
centre. 
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Proposition XXXI. Theorem. 

427. If a figure he symmetrical with respect to two axes 
perpendicular to each other y it is symmetrical with respect 
to their intersection as a centre. 




Let the ngnre ABCDEFGH be symmetrical to the 

two axes XX', YY' which intersect at 0. 

We are to prove the centre of symmetry of the figure. 

Let / be any point in the perimeter of the figure. 

Draw IKL i. to XX', and I M N A. to YT. 

JoinZO, ON^BiidiKM. 

Now KI=KL, 

{the figure heing symmetrical wUh respect to X X^. 

But KI=OM, 

(II5 compreJiended between \\s arc egual). 

.\KL= OM. 

.\ K LO M ia a O, 

(having two sides equal and parallel). 

.'. LO is equal and parallel to KM,-^ 
{being opposite sides of a CJ). 
In like manner we may prove N equal and parallel to K M. 
Hence the points Z, 0, and N are in the same straight line 
drawn through the point \iio KM. 

Also LO=-ON, 

(since each is equal to KM). 

.'. any straight line LO N, drawn through 0, is bisected at 0. 
.*. is the centre of symmetry of the 'figure. § 424 

Q. E. D. 



§420 
§ 135 

Ax. 1 

§ 136 

§134 
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GEOMETRY. 



-BOOK V. 



EXEBCISES. 

1. The area of any triangle may be found as follows : From 
half the sum of the three sides subtract each side severally, mul- 
tiply together the half sum and the three remainders, and extract 
the square root of the product. 

Denote the sides of the tri- 
angle ABC hy a,bf c, the alti- 
a+ b + c 



tude by p, and ■ 



by «. 



Show that 



AD=^ 



h^+<^-a^ 




2c 
and show that 






2c 



P 



_V/ (6+c+a)(6 + c-a)(a + 6-c)(g-6-hc) 



2c 



Hence, show that area of A A B Gy which is equal to 



cXp 



= iV(6H-c+a)(6H-c-a)(a + 6-c)(a-6H-r), 
= V^«(« — a)(« — 6)(« — c). 

2. Show that the area of an equilateral triangle, each side of 
which is denoted by a, is equal to — j- . 

3. How many acres are contained in a triangle whose sides 
are respectively 60, 70, and 80 chains 1 

4. How many feet are contained in a triangle each side of 
which is 75 feet ] 
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NEW BOOK 

AND 

NEW EDITIONS FOR 1879- 



LATIN. 

A BBIEF mSTOBY OF BOHAN LITEBATUBE FOB SCHOOLS KSD 

*^ COLLEGES. Translated and Edited from the German Edition of 

Bender b\' Professor E. P. Crowell and H. B. Richardson, A.M., Amherst 

College, Mass. (Ready in August.) 

T\E NATUBA DEOBTTH. Translated and Edited from the German 

^^ E<lition of Schoeman by Professor Austin Stickney, formerly of Trin- 

ity College, Hartford. {Ready in August.) 

pEMNANTS OF EABLT LATIN, chiefly Inscriptioxis. Selected 

*** and Explained, for use in Colleges, by Frederick D. Allen, Professor 

of Latin in the University of Cincinnati. (Ready in June.) 

Prepared to meet the need which many of our best teachers of Latin feel, 
of acquainting students with the earliest forms of Latin, as an aid to the 
better comprehension of the structure of the language. There is no such 
book in existence, the nearest thing to it being the large and extensive 
work of Wordsworth, which is not adapted to school use. 

A CBITICAL HISTOBY OF CICEBO'S LETTEBS. By R. F. LeigH- 
*^ ton, Ph.D., Principal of Brooklyn, N. Y., High School. The History 
oi the I^etters *'ad Familiares" is nearly ready. 

AN ELEMENTABT TBEATISE ON LATIN 0BTH09BAFHT. Em- 
*^ bracing the Latest Researches of Brambach, Ritschel, and others. 
With a Vocabulary of Words often Misspelled. By R. F. Leighton, Ph.D., 
Principal of Brooklyn, N. Y., High School. 

SELECTIONS FBOH THE LESS-KNOWN LATIN POETS — viz., Ca- 
"^ tullus, Lucretius, the Elegiac Writers, Lucan and Martial. By E. P. 
Crowell, A.M., Professor of Latin, Amherst College. 
pABALLEL SYNTAX OF THE MOODS IN GBEEK AND LATIN. 
* Prepared by R. P. Keep, Ph.D., Instructor in the Classical Depart- 
ment of Williston Seminary, at Easthampton, Mass. (Ready in June.) 

11 NEW AND COMPLETE VIBGIL. This Edition will be printed from 
*^ wholly new plates, and will be fully annotated by Professor J. B. 
Greenough, Harvard University. It will also have numerous illustrations 
from the antique. 

GINir & HEATH, Publisliers, Boston, New York, and Ohicaga 
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BEVISED EDITION OF ALLEN'S LATIN COMPOglgTONi Bf^'^ 
tied, carefully Graded, and Adapted lo the N^^f^AHen & Greenough's 
Latin Grammar. B_v W. F. Allen, Professor ofM. at in and History at Uni- 
versity of Wisconsm and Lecturer at. Johns^Iopkins University. {Remhj 
in September. ) 

mHE AGSICOLA OF TACITUS. Ed^ed for School and College Use by 
^ W. F. Allen. Professor of Latin ii/ University of Wia 



GRE] 

mHE FBOMETHETTS OF AESCHTLTTS. \Edited, with Notes an^Intro- 

* duction. by Frederick D. Allen, Professoisof Greek in thej^iversity 
of Cincinnati. 

OELECT ORATIONS OF DEMOSTHENES. Fxlited by Frank R Tar- 
•^ bell, Yale College. This work will contain the three Philippics and 
the Oration On the Chersonese, from the Zurich Ivlition of the Text, with 
an Extended Historical Introuuctioii and Explanatory Notes. 

mHE FUBLIG HASANQTTES^F DEMOSTHENES. Edited by Isaac 

* Flagg 'ersiiy, Ithaca, 
NY. 

This M'or everal speeches 
belonging t not as yet ap- 
peared in inimentary. ap- 
pended to re<]uirement8 of 
students w( mall v(>Iume by 
itself, will ( iVef/alopoUlans, 
and Rhodiv 

OELECTI L an Historical 

Introd , , ^ ^ r^'ler. Professor 

of Greek and Latin in Smith College, Northampton, Mass. {Ready in 
June.) 

gELECTIONfl FSOM FINDAS AND THE BUCOLIC FOETS, Contain- 
^ ing six Odes of Pindar, four Idylls of Theocritus, a Hymn of Calli- 
machus, a llymn of Cleanthes, and one of the Homeric Hymns; in all 
thirteen hundred lines. Edited by Prtjfcssor T. D. Sej-mour. Western Reserve 
College, Ohio. (Ready in January, 1880.) 

mHE FIBST THBEE BOOKS OF HOMEB S ILIAD. By Professor F. 

* E. Anderson, of Harvard University. 

TCHBST TWELVE BOOKS OF HOMEES ODYSSEY. With Tntroduc- 

* tion. Notes, and Tables of Homeric Forms, for School Use. By W. 
W. Merry, A.M., Fellow and Lecturer of Lincoln College. Oxford. England. 

GtUSnS & HEATH, Publishers, Boston, New Tork, and Ghica^. 
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r EIQHTON'S KEW GBEEK LESSONS. With notes, references, and 
*^ full vocabulary; and references to Hadley's Greek Grammar, as well as 
(o Good»vin's New Greek Grammar. The Lessons have been rewritten and 
arranged on the plan of the author's Latin Lesions, introducing the verb 
from the liret. 

About sixty easy and well graded lessons, both Greek and English (one 
term's work), introduces the pupil to tlie first book of Xenophon's Anabasis. 
Definite directions are given in regard to the amount of the Grammar to be 
learned. The pupil is given a clear idea of noun and verb stems, and also some 
insight into the formation of words from stems and roots b}' means of signifi- 
cant endings. Questions for Review and examination as in the first edition. 
The amount of matter to be translated into Greek is suflScient to prepare a 
student in Greek composition f»»r any Anterican college. In pre|>aring 
these lessons, considerable use has been made of the excellent exercises 
used in most of the German Gymnasiums, prepared by Dr. Wasener to ac- 
company Professor Curtius' Greek Grammar. 

A KEW AlTD SNLABQED EDinON OF WHITON'S LTSIA8. Two 

^^ new orations will be added to those which the book now contains- 
{Ready in September,) 



MATHEMATiaS^^>^^ 



'/ 



h SERIES OF ABITHMETICS, Consisting of two books. Primary and 
*^ Written. By Dr. Thomas Hill, ex-President of Har\-ard College, and 
George A. Wentworth, Professor of Mathematics in Phillips Exeter Acad- 
emy. 

A DIFFERENTIAL CALCULUS. With numerous Examples and Ap- 
^^ plications. Designed for use as a College Text -book. By W. E. 
Byerly, Ph.D , Harvard University. This l>ook has been used two yeai-g 
in Harvard in manuscript form. {Ready in July.) 

II K ELEMENTARY ALQEBRA. By George A. Wentworth, Professor 
*^ of Mathematics in Phillips Exeter Academy. 

A GEOMETRY FOR BE9INNERS Adapted to Lowgr and Grammar 
*^ School Work. By G. A. Hill, Harvard University.* {Ready in Sep- 
tember. ) 

The principles which underlie the method employed in this work are the 
following : — 

1. Geometrical instruction for beginners should proceed from the concrete 
to the abstract. 

2. It should seek to develop the intellectual powers, and especially the 
geometric imagination and the inventive faculty, by stimulating the self- 
activity of the learner. 

6IKN k HEATH, Publishers, Boston, Kew Tork, and Ohicaga 

Digitized by VjOOQ IC 



I 



4 ANNOUNCEMENTS OF NEW BOOKS, 



3. It should be practical, — that is to say, it should seize eyery fitting^ 
opportunitj' to illustrate and explain the material uses of Geometry. 

Agreeably' to the first of these principles, in the beginning the distinc- 
tion between a body, a surface, a line, and a point, is shown by the use of 
models, and later they are again employed to give clear ideas respecting 
the regular solids. Many conceptions and simple relations — such as occur, 
for instance, in the subject of parallels, of perpendiculars, of angles, of 
intersecting lines and planes, of equal figures, of similar figures, of / -^ 
|K)l3'gons, &c. — are illustrated by reference to well-known objects; 
and, a variety of questions are asked, which the learner can answer by 
reflecting upon what he has seen. Throughout the work, definitions are 
not stated in an abstract form until the ideas which they involve are already 
known. 

In proving theorems, instead of the formal method which begins with y 

the theorem and follows with the proof, unfolded step by step in sjilogistic ^ 
reasoning, the method here adopted begins with the study of a figure and /[ 
the relations of its parts, and proceeds to the theorem, by the comparison f^ 
and combination of ideas, much in the same way as the discoverer of the ^ 
theorem might have done. Care lias been taken to select theorems / 
which are simple, and which at the same time form a basis for useful/^ \ 
problems and applications. In a few cases, where a theorem was very de-^'T^ 
sirable on account of its applications, while its rigorous proof was clearl}' ^ 
beyond the capacity of those for whom the book is designed, the author has ^ 
not hesitated to substitute a less rigorous proof, or probable reasons of a \^,^_ 
simple ki<^ Why it should be thought that, in Geometry, the choice 
must, in ea^rcase, lie between the most refined product of the human 
intellect and nothing at all, the author is unable to see. 

The idea of ratio is made to arise naturally from that of addition ; and 
that of units of measure from that of ratio. ' 

Special stress has been Uid upon the laws of the equality and of the sinw . 
ilarity of triangles; because, apart from their simple character,- they are 
the kej's to nine-tenths at least of the rest of Geometry, both theoretical 
and practical. y^i 

Great pains have been taken to explain, by examples, how geometrical I 
problems are to be attacked and solved; and numerous easy con^ \ 
structions are given, as exercises for the learner. I \A 

Exercises are appended to almost every section, and to the end of eacTi \ 
chapter, and form one»of the chief features of the book. They supply theV yV 
means of real intellectual training, by throwing the learner on his own ^\.\^ 
resources, and leading him to invent and to generalize for himself. They 
have been very carefully selected and graded, and, where necessary, hints 
for their solution have been added. 

Among the applications of Geometn' which find a place in the vork may 
be mentioned the testing of vertical and horizontal directions, drawing lines 

QINN & HEATH, Publishers, Boston, Hew Tork, and Ohica^ 
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to scale, the construction of perpendicular lines and of angles on the 
ground, the application of the laws of the equality and similarity of tri- 
angles to the measurement of inaccessible distances, and a great number 
and variety of practical exercises upon the computation of lengths, areas, 
and volumes. 

It is a great mistake to suppose that it requires any peculiar talent to 
understand the elements of Geometry. On the contrary, it is easier to trace 
the simple relations of forms and magnitudes than to trace, for example, 
those of numbers, because forms and magnitudes are concrete things 
while numbers are abstract; aud Friibel, the founder of the kindergarten, 
recognized this fact by choosing the most important means of object teach- 
ing out of the field of Geometry. 

Everything depends on the method. Pestalozzi first showed how to 
make Geometry an easy, interesting, and profitable subject of study, in 
early education. His method, modified and improved by his successors, is 
now to be found under various forms in many excellent Gennan text- 
books, and is now taught in German schools. 

This method, in the main, is here adopted. The author has made a 
careful study of the best French and German text-books, and has seen 
the method in actual operation in the German schools. He is convinced 
that it is the true and only method for beginners. 

The present work is adapted to ordinary pupils from twelve to fifteen 
years of age. It forms a suitable introduction to higher works on the 
same subject, and at the same time contains so much of Geometry as 
every one, women not excepted, may study with the greatest interest 
and profit. Had this method of teaching Geometry found the same foot- 
hold here that it has in Gennany, there is little doubt in the author's 
mind that before now the subject would be here as it is in Germany, and 
ought to be everj^whcre, a part of common-school education. 

GEOMETRICAL EXESGISES AITI) KEY TO EXEBCISES IN WENT- 
WOBTH'S GEOMETRY. {Ready in July. ) 

OMALLEB FOUB-FLACE TABLES OF LO&ABITHMS. By James 
"^ Mills Peirce, University Professor of Mathematics in Harvard College. 

Under this name, the principal tables of the author's Three and Four- 
Plice Tables, with some additions (among which are tables of the Hyper- 
bolic Functions and of Squares and Reciprocals), are published in a 
duodecnno (brm, but in a clear, handsome, and good-sized type, cast for the 
purpose. The main features of the Three an I Four-Place Tables are re- 
tained, so far as the size of the page permits: but the arrangement Is in 
some respects improved, and is made readily intelligible to beginners in the 
use of logarithms. Full explanations are given with the tables. 

The book may be had either separately or bound with the author's " Ele- 
ments of Logarithms," or with " Wheeler's Trigonometry." 

5 
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/IVIDES FOB SCIENCE-TBACHWG.^Lftsigned to supplement f^- 
^* tures given to Teachers of tiie Fubnc Schools of Boston, bA' the 
Boston Society of NaturfKHistory. They areiliteiided for the use of Teacli- 
ers who ijijjti Oi^iii linilh in (mil classes t|i Natural History. Besides 
simple iKuscrafftons alui^mstrWctiuns as to the modes of presentation and 
study, Ihcne ^jfejn each paniMilet, hints which wit! be found useful in pn*- 
8e^^'ing,\ytnJmng, q(>lle^iiij|4iud purchasing specimens^ 

Ho. L/ko^^Xj/MeB. By Alpheus ITga^fp^ ustotlian of the Boston 
Society' pf/N^atural History, and Profeastu^^ZoUqgy and Paleontology' in 
the Massachusetts In titute of Tedmology, TMs pamphlet is an illustru- 
tion of the way in which a commfd^bje^t ma/ be used profitably in teach- 
ng. This was the opening lectufp n|f the course, and the one whtcB~gave 
rise tfi^ these little books. Price to^achjjpi^postpa d, 15 cents. 

No. II. Conoorning a Few Cjmjailin. Flant?. By George L. Goodale, 
Professor of Bot^Hy th Haivalrd l;iMV«rsity. This is complete in two parts 
(which are buidid togothe/), andg^vcyan account of the organs or ** help- 
ful parts" p{ plaii^ aild hoif^ tliese^ can be cul|(yated and used in the 




schoolroom fbrttSir^'iueilfal training f( cUiW|rejt, 
paid, 25 cents* / I * / " V ^ 

No. in. CommwAal and Qtiier Sponges. 
Hyatt. This gives an acceunt>6f the Six^ngos in 
Structure, &c. JUusiraUd byn plates. -Iriia* t| 

No. IV. A First Lesson in'-Natural 
Agassiz.. HlMstrattd bij woodcuts and 4 /tla(e\ 
paid, 35 ceriig^ ->,^ 

No. V. Cori5>auid Eckmadfiimftj^ Vv 
lUmtrated. Price w> Teachers, postpaid. 

The rem^nipff;^"uinb(«^ of tpni Series gj anol Lo-tyytlfTT unti 
fall, be^nniii%^i Octol 
average prices (ranging 



rs, post- 




sects may exceed this pricej 
No. VI. MoUnsoa. O] 
No. Vn. Worms and C] 
No.Vm. Insects. Gras: 
No. IX. Fishes. Yellow Pcr^Ji 
No. X. Frcgs. Common rror:^»mlT< 
No. XI. Beptiles. Alligators and 
No. Xn. Birds. / 

No. XIU. Mammals. Common Rat 



be eight more numbers, at the same 
to 40 cents). Thg^ um^ber on In- 
orders are i 
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